In the beginning [if
there was such a thing)
God created Newton'’s
laws of motion toge* .er
with the necessary
masses and forces.
This is all; everything
beyond this follows
from the development
of appropriate
mathematical methods
by means of deduction.
Albert Einstein

Forces and mofion

1is tightrope walker is stationary. There are a number of forces acting on
walker which cancel each other out, resulting in no motion. In order
or that to be possible, the cable must make small angles to the horizontal
so that the vertical components of the tension can cancel out the weight of
the walker. In that case, the tensions in the cable will be greater than the
walker’s weight.
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Forces and Newton’s laws of motion

1 Forces and Newton’s laws of
motion

Modelling vocabulary

Mechanics is about modelling the real world. In order to do this, suitable
simplifying assumptions are often made so that mathematics can be applied to
situations and problems. This process involves identifying factors that can be
neglected without losing too much accuracy. Here are some commonly used
modelling terms which are used to describe such assumptions.

negligible: small enough to ignore
inextensible: for a string with negligible stretch
light: for an object with negligible mass
particle: an object with negligible dimension
smooth: for a surface with negligible fricg
uniform: the same throughout.

Forces

A force is defined as the physi t causes a change in motion. As it

1t 1S a vector quantity.

speed up or slow down objects, or change
the direction of thei¥ motion. al situations, several forces usually act on
an object. The these forces, known as the resultant force, determines
whether or 1

gvaries around the
world, with 9.8 ms2 ; ject on or near the Earth’s surface is pulled vertically downwards by the
being a typical value.
Singapore, at 9.766
has one of the lowe
values, and He
with 9.825, has o
the highest.

own as the weight of the object.

Tension and thrust

When a string is pulled, as in Figure 2.1, it exerts a tension force opposite

to the pull. The tension acts along the string and is the same throughout the
string. A rigid rod can exert a tension force in a similar way to a string when it
is used to support or pull an object. It can also exert a thrust force when it is
in compression, as in Figure 2.2. The thrust acts along the rod and is the same
throughout the rod.

The tension on either side of a smooth pulley is the same, as shown in
Figure 2.3.



T (tension pulling
down on ceiling)

T (tension pulling up
on object)

mg (weight of object)
Figure 2.1

In Figure 2.4, the
normal reaction is
vertical but this is not
always the case. For
example, the normal
reaction on an object on
a slope is perpendicular
to the slope.

Ii, W (weight of block)

T (thrust pushing

up on block)
T
T (thrust pushing
down on floor)
T
R (reaction from floor)
Figure 2.2 Figure 2.3

Normal reaction

A book resting on a table is subjected to two forces, its w€ight and the normal
reaction of the table. It is called normal because its line ofiaction is normal
(at right angles) to the surface of the table. Since the in equilibrium,

positive force.

A R (normal reaction)

L«

ormalireaction
isalso often
e normal

Y mg (weight
Figure 2.4
If the book is ab contact with the table (which might happen, for
instance, if th le 4 ting rapidly downwards), the normal force
becomes zero.
Frictio e

diag
ce. book remains at rest because P is balanced by a frictional force, F,
opposite direction to P.The magnitude of the frictional force is equal to
e pushing force,i.e. P = F

A R (normal reaction)

The frictional force

E is also sometimes
F (friction) -« called the frictional

' I' | contact force.

~

Y mg (weight)
Figure 2.5
If P is increased and the book starts to move, F is still present but now P > F.

Friction always acts in the opposite direction to the motion. Friction may
prevent the motion of an object or slow it down if it is moving.

, the book on the table is being pushed by a force P parallel to the

uoljow pue saduo04 z Jai1dey)
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Forces and Newton’s laws of motion

Driving force

In problems about moving objects such as cars, all the forces acting along the
line of motion can usually be reduced to two or three: the driving force, the
resistance to motion and, possibly, a braking force.

Resistance Driving force

Braking force

Figure 2.6

m Figure 2.7 shows a block A of mass 10kg connected to a light scale pan by a

light inextensible string that passes over a light smoeth pulley. The scale pan

8]

Figure 2.7

holds block B, also of mass 10kg. The system is in

(i) On separate diagrams, show all the forces n each of the masses,
the scale pan and the pulley.

(i1) Find the value of the tension in th
(iii) Find the tension in the rod

(iv) Find the normal reaction o

Solution
(i)

Tension ipgthe string

Normal reaction Tension in the strin Tension in rod
scale panon B 9 holding pulley

g

LA
P = R

Weight of A written as Wei Normal reaction Tension in the
. eight of B .
10g and acting of B on scale pan string
vertically downwards.

Figure 2.8
(i1) Block A is in equilibrium: = T=10g =98 N.
(ii) The pulley is in equilibrium: = T, =2T =196 N.
(iv) Block B is in equilibrium: = R=10¢g=98N.

Newton’s laws of motion

1 Every object continues in a state of rest or uniform motion in a straight line
unless it is acted on by a resultant external force.

Fis the resultant force.
m is the mass of the object.

a is the acceleration.

2 The acceleration of an object is proportional to, and in the same direction as,
the resultant of the forces acting on the object.

— > F=uma




i
i

@

"> Historical \

note

7

|saac Newton was
born in Lincolnshire
in 1642. He was not an
outstanding scholar
either as a schoolboy
or as a university
student, yet later in life
he made remarkable
contributions in
dynamics, optics,
astronomy, chemistry,
music theory and
theology. He became
Member of Parliament
for Cambridge
University and later
Warden of the Royal
Mint. His tomb in
Westminster Abbey
reads ‘Let mortals
rejoice that there
existed such and so
great an ornament to

@ Human Race’.

Notice that this is a vector equation, since both the magnitudes and directions
of the resultant force and the acceleration are involved. If the motion is along a
straight line it is often written in scalar form as F = ma.

3 When one object exerts a force on another there is always a reaction, which
is equal and opposite in direction to the acting force.

Equation of motion

The equation resulting from Newton’s second law is often described as an
equation of motion, as in the following examples.

An empty bottle of mass 0.5 kg is released from a sub
acceleration of 0.75 ms>. The water causes a resi

rine and rises with an

and the
direction of its acceleration.

(1)) Write down the equation of

(iii) Find the size of the buoyancy

Solution

¢ and the acceleration are shown in this

" The acceleration is shown with a
Uais 4—different type of arrow. A double
arrow is often used.

The weight is always
shown as mg for moving bodies.

ater resistance

Figure 2.9

(1)) The resultant force acting on the bottle is (B—0.5¢ — 1.1) upwards.
The resulting equation
B—-0.5¢-1.1=10.54a
is called the equation of motion.
(i) B—4.9-1.1=10.375 ¢
B = 6.375

0.5x0.75

The buoyancy force on the bottle is 6.375N.

uoljow pue saduo04 z Jai1dey)
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Forces and Newton’s laws of motion

m A car of mass 900 kg travels at a constant speed of 20ms™ along a straight

horizontal road. Its engine is producing a driving force of 500 N.

(1) What is the resistance to its motion?

Later the driving force is removed and the car is brought to rest in a
time of 5s with the same resistance to motion.

(i1) Find the force created by the brakes, assuming it to be constant.

Solution

(1) The car is travelling at constant speed, so that the resultant force acting
on the car 1s zero.

Resultant =500 - R ——— g

Figure 2.10

Let the resistive force be R

So you expect a to be
negative.

B is constant, so that a

Resultant=-B-500 ———— is also constant and you

can use the constant
acceleration formulae.

The equation of motion is —B — 500 = 900a @

0=20+aXx5 4 Use v = u + at with
P e, u=20,v=0and f=5.
Substituting in ) =B — 500 = 900 x —4

= B=3100N

The braking force 1s 3100 N.



SXaMpElat Two boxes A and B are descending vertically supported by a parachute. Box A
has mass 100 kg. Box B has mass 75kg and is suspended from box A by a light

vertical wire. Both boxes are descending with downwards acceleration 2ms=.

(1) Draw a labelled diagram showing all the forces acting on box A and
another diagram showing all the forces acting on box B.

(i) Write down separate equations of motion for box A and for box B.

(i11) Find the tensions in both wires.

Solution

A
K (1) 7,
T
8]

uoljow pue sadlo4 z Jaydeys

Figure 2.12
A B
2ms 2 @
2 75g
10
Figure 2.13
(i) Box A:The rggtiltant downwards force is T, + 100¢ — T, so the equation
of motion i
Note 0 () ¢—— Since 100a =100 x 2 = 200

T, is the tension in the
blue wire linking A to
the parachute. T is the
tension in the green
wire linking A to B.
T,=T,

(@ ¢—— Since 75a=75x 2 = 150
T,=75%x9.8-150
= 585N
Substituting in MD: T, = 585 + 100 X 9.8 — 200
= 1365 N

The tension in the blue wire linking A to the parachute is 1365 N.
The tension in the green wire linking A to B is 585 N.

(1D Find the acceleration produced when a force of 100N acts on an object

O () of mass 15kg
(il  ofmass 10g
liil of mass 1 tonne.

(@ A bullet of mass 20 g is fired into a wall with a velocity of 400ms™. The
bullet penetrates the wall to a depth of 10 cm. Find the resistance of the
wall, assuming it to be uniform.
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Forces and Newton’s laws of motion

(® A car of mass 1200kg is travelling along a straight level road.

(il Calculate the acceleration of the car when a resultant force of 2400 N
acts on it in the direction of its motion. How long does it take the car
to increase its speed from 4ms™ to 12ms™'?

The car has an acceleration of 1.2ms™? when there is a driving force of
2400N.

(i) Find the resistance to motion of the car.

@ A load of mass 5kg is held on the end of a string. Calculate the tension in
the string when

(i)  the load is raised with an acceleration of 2.5ms>
(i) the load is lowered with an acceleration of 2.5ms>

(iii) the load is raised with a constant speed of 2

liv) the load is raised with a deceleration of 2.5
(B A block A of mass 10kg is connected to a

string passing over a smooth fixed pu
blocks are released from rest with

0.3m

horizontal table.
nsible strings connect

icle C of mass 4 kg, which

freely over smooth pulleys )

e edge of the table. Figure 2.15
(il Draw force diagrams to show the forces acting on each mass.

(il  Write down separate equations of motion for A, B and C.

i) Find the acceleration of the system and the tensions in the strings.

@ A truck of mass 1250kg is towing a trailer of mass 350 kg along a horizontal
straight road. The engine of the truck produces a driving force of 2500 N.
The truck is subjected to a resistance of 250 N and the trailer to a resistance
of 300N.

Figure 2.16

(i) Show, in separate diagrams, the horizontal forces acting on the truck
and the trailer.

(i) Find the acceleration of the truck and trailer.

il Find the tension in the coupling between the truck and the trailer.
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A train consists of a locomotive and five trucks with masses and resistances
to motion as shown in Figure 2.17.The engine provides a driving force of
29000 N.All the couplings are light, rigid and horizontal.

100N 100N 100N 100N 100N 500N
[ebosg] = obodial = b ke[ o [ FA8bhs 1
T 7 A U T T B [}

Figure 2.17

(il Show that the acceleration of the train is 0.2ms™.
(il Find the force in the coupling between the last two trucks.

With the driving force removed, brakes are applied, so adding additional
resistances of 3000 N to the locomotive and 2000 N to each truck.

(i) Find the new acceleration of the train.
(iv) Find the force in the coupling between th
(® Block A of mass 2kg is connected to a ligh

scale pan by a light inextensible string wh
over a smooth fixed pulley.

The scale pan holds two blocks, B
0.5 and 1kg, as shown in Figure 2.1

(i)

uoljow pue saduo04 z Jai1dey)

(i)

(iii)

A of mass 5kg is lying on a smooth

| table. A light inextensible string

ts A to a particle B of mass 1kg which
angs freely over a smooth pulley at the edge of
the table. B is connected to a third particle C of
mass 2kg by another string, as shown in

Figure 2.19.

() Draw diagrams showing all the forces acting
on each of the three blocks.

Figure 2.19

(il Write equations of motion for each of A, B and C.

(i) Find the acceleration of the system and the tension in each string.
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Working with vectors

2 Working with vectors

A force is a physical quantity that causes a change of motion. A force can start
the motion of an object, stop its motion, make it move faster or slower, or
change the direction of its motion. By its very nature, a force is a vector quantity
just like displacement, velocity or acceleration. It has magnitude and direction,
unlike scalar quantities such as distance, speed, mass or time, which have
magnitude only.

Notation and representation
A vector can be represented by a directed line segment in a diagram.

In writing, AB represents the vector with magnitude
vector can be written as |ABl- The direction is
makes with a fixed direction, often the horizontal.

. The magnitude of the
the angle 6 which AB

A

Figure 2.20
In Figure 2.21, F is a vector with #a de F = |Fland direction ¢.

Vectors are often written using

Figure 2.21 plane, a mathematic
from the x-axi cshcasts 0
»op are positive and a Figure 2.22
negative.

In the ex mPFigure 2.23, P has direction +75° and Q has
A direction

o) d ors

Figure 2.23 e wayito add vectors is to draw them B

€ another, i.e. where one finishes b
e next one starts (Figure 2.24).

—_— = —
AB + BC = AC

@)

Alternatively, you can make a and b
start at the same place and take the

diagonal of the ensuing parallelogram Figure 2.24

(Figure 2.25).

This gives the same result, because opposite sides of a parallelogram are
‘ equal and in the same direction, so that b is repeated at the top right of the
Figure 2.25 parallelogram.

Resultant forces

The resultant of a number of forces is equal to the sum of these forces. As each
force is a vector, the resultant is a vector starting at the start point of the first
force and ending at the end point of the last force.
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F <€—
R
F
-
Figure 2.27
6
5 -
J
4
i
3
(e
2 a 3
1
4
0 >
o 1 2 4
Figure 2.28

Example 2.5

Figure 2.26

R=F +F +F +F,
The resultant R of the four forces (F,, F,, F, and F,) can be found by drawing
consecutive lines representing the vectors. The line which completes the
polygon is the resultant.

You have met the contact forces of normal reaction force R and frictional force
F.The resultant of them is the total contact force wi itude VF°+ R .

Components of a vector

Finding components is the reverse pro wo vectors. It involves

§'1 and j along the x and y axes,
respectively. The vector a in Figure 2.28\may be written as a = 4i + 3j.

itten a mn vector (:j
nit vectors along
. a
tively, then a can jT /r‘ a,
f components as - 7
1

Figure 2.29

The four vectors a, b, ¢ and d are shown in the diagram.

1

o = N W b U1 O N 0O O O

01 2 3 456 7 8 910
Figure 2.30
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- Working with vectors

(i) Write them in component form and as column vectors.

(i) Draw a diagram to show the vectors 2a,—b and 2a — b and write these
in both forms.

Solution
@ a=3i+2=|> —i+4=|1]  c==2i-2i=|2
2 b 4 b _2 b
3
d=3i—j=[_1
(i) 6
5
4
3 2a \\_
2
1 -
0 n-p

01 2 3 45 6 7 8
Figure 2.31

2a =203 +2j) = 6i

(—b)=6i+4j+i—4j=7i=(3]

Position tors

To sp osition of an object, you define its displacement relative to a
d omigin. a and b are usually used to define the position vectors of A and B.

he vector between two points

The displacement AB can be replaced by the displacement from A to O
followed by that from O to B.

Figure 2.32



. ¢ . - ..
Any displacement vector AB can be written in terms of the position vectors of
its two end points.

The magnitude and direction of vectors written in

component form
The magnitude of a vector is just its length and can be found by using
Pythagoras’ theorem.

The direction is related to the angle the vector
makes with the positive x-axis.

a,
0 = arctan| —
ax

or 6= arctan[%] + 180°, depending on whic

Y
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Example 2.6

Find the magnitude and direction of ¢ four vectors

a=(3],b=(_1}c=—2i—2' d
2 4

Solution
a
a—= s ’
2 9
Magnitude [@ft= \/3° + 2% = /13 = 3.61 3
2 Figure 2.34
an(g) = 33.7°

agnitude [b| = {(-1)* + 47 = J17 = 4.12

tan¢g = % = ¢ = arctan4 = 76.0°

Direction 8 = 180 — ¢ = 104°

Figure 2.35

Figure 2.36

Magnitude [c| = {/(-2)" + (-2)* = /8 =2.83

tan¢g = % =1= ¢ = arctan1 = 45°
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- Working with vectors

Direction 6 = —(180°- 45°) = —135°

d=3i—j

Figure 2.37

Magnitude |d| = /3% + (-1)° = V10 = 3.16

Direction 8 = — arctan(%) =—184°

Finding unit vectors along give tion

Ifa=ai+ aj, the magnitude of a is jal =

(denoted by a) has magnitude 1. The
magnitude which is scaled by 2

+ ai . A unit vector along a

is parallel to a but has a

Example 2.7 () Find : or along a = 3.5i — 12j

So
() \he magnitude of a is|a| = /3.5% +(~12)° = /1225 + 144
=+/156.25 = 12.5
: A 35 12 . oo o
A unit vector along a isa = sl psd= 0.281 — 0.96j

(i1) a has magnitude 1, so you are looking for a vector along a which is
25 units long, i.e. 25a = 25(0.28i — 0.96j) = 7i —24j

Resolving a force into components in two perpendicular
directions

Draw the vector F, magnitude F, making an angle 6 with the x-axis, taken as
the i direction. Make up the right-angled triangle with F along the hypotenuse

and the x and y components along the other two sides. These are then evaluated

using trigonometry.

g . . [Fcos@
F=Fcos01+Fsin0)=|
Fsin 6

Figure 2.38



EXEmPIERZE Resolve a weight I N in two directions which are along and at right angles

to a slope making an angle 6 with the horizontal.

Solution

Figure 2.39
W is the hypotenuse of the right-angled triang

uoljow pue saduo04 z Jai1dey)

Example 2.9 Two forces P and Q have

in the diagram.

and 15N in the directions shown

Note
P=10cos30°i +
10 sin30°j
=8.66i+5j

Note
Q=-15cos45°1 +
15 sin45°j
=-10.61i+10.61j

Figure 2.41 Figure 2.42

The resultant is P + Q = (8.661 + 5j) + (-10.611 + 10.61j)
=-1.951 + 15.61j
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- Working with vectors

It is shown in Figure 2.42.
The magnitude of the resultant is |P+ Q| = J(=1.95)* +15.61° =15.73

The direction of the resultant:
tang = 115—9651 = ¢ =arctan(8.01) = 82.9°

6 =180° — 82.9° = 97.1°

The resultant force P + Q has magnitude 15.73 and direction 97.1° relative
to the positive x-axis.

(D Four vectors are given in component form by a

3i + 44, b = 6i — 7j,

c=-2i+ 5jand d = -5i - 3j.
Find the vectors

()l a+b il b+c (iii) d

v a+b+d v a—b vi d—b+c
A, B, C are the points (1, 2), (5

(i)  Write down in terms of i
points.

(il  Find the component form @f the displacements AB,BC and CA.

il Draw a diagram to'show thie position vectors of A, B and C and your

. 1 -1 3
d c are given by a = (J, b= ( 2) and ¢ = (_4}

point of the displacement 2a — 3b + ¢ and (1,-2) is the
int. What is the position vector of R?

C

e position vectors of these three

Three veétors a,

nitude and direction of the following vectors
i) 71 + 24j i) = +j
v 21— 3j Vi) = —2j
Worite down the following vectors in component form in terms of i and j

6N

20° 7N

Figure 2.43



OO

(& (i) Find a unit vector in the direction of (;3]

A force F acts in the direction of (;2) and has magnitude 39 N.

lil  Use your answer to part (i) to write F in component form.

Find the vector with magnitude 8.2 that is parallel to the vector 40i — 9j.

® Q

Write down each of the following vectors in terms of i and j. Find the
resultant of each set of vectors in terms of i and j.

________________

Figure 2.44
(® The displacement of B fr

(_i] The displacement o

Draw a diagra wing the relative position of A, B, C and D. Find
— — — —
il DB i DC i) CB v/  BC
Three ve€tors @b and ¢ are represented by the sides of a triangle ABC, as
shown in lagram.

1

Figure 2.45
The angle Cis 6and |a|, |b| and |c| are a, b and c. Answer each part in
terms of 6, a, b and c.

[l Write a and b in terms of i and j.
lil Finda + b and hence |a + b2

il Use your answer to part (i) to express ¢ in terms of a, b and 6.
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Forces in equilibrium

3 Forces in equilibrium

When forces are in equilibrium their vector sum is zero and the sum of the
resolved parts in any direction is zero.

Example 2.10 A brick of mass 5kg is at rest on a rough plane inclined at an angle of 35° to

the horizontal. Find the frictional force FIN, and the normal reaction RN of
the plane on the brick.

Solution

The diagram shows the forces acting on the brick.

ponents of weight

5g sin 35°

5g cos 35°

[ 90° - angle of slope]

Figure 2.46

Take unit v i and j parallel and perpendicular to the plane, as shown.

Since the'brick is in ‘€guilibrium, the resultant of the three forces acting on it
1S ZEro.
3// 5g = 49
ing Mthe i direction: F—495sin35°=0 ()
F=28.10...
esolying in the j direction: R —49 cos35° =0 (2
R =40.13 ...

Written in vector form this is equivalent to

Fi+ Rj —49 sin35°1 — 49 cos35°% = 0 _
Notice that both
or, alternatively, of these vector
. o equations lead to
Fly| 0 ]4] —49sin35% 1210 » | the equations ®
0 R —49 cos 35° 0 and () above.

The triangle of forces

When there are only three (non-parallel) forces acting and they are in
equilibrium, the polygon of forces becomes a closed triangle, as shown for the
brick on the plane.



The triangle is closed
because the resultant
is zero.

Example 2.11

/F
i
> 35
59
Figure 2.47
Then F = cos55°
5¢
F =49cos55° =28.
And similarly R =49sin5

This is an example of the theorem kno triangle of forces.

When more than three forces
but the triangle is then a poly

e in equilibrium, the first statement still holds

ond statement is not necessarily true.

The next example illusfrates two

in equilibrium. Wi

ods for solving problems involving forces
rience, you will find it easier to judge which method is

Figure 2.49

Solution

The force diagram for this situation is given below.

109

Figure 2.50
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Forces in equilibrium

Discussion point

diagram?

In what order would you
draw the three lines in
this triangle of forces

Method 1: Resolving forces
Vertically (T): T, sin20° + T, sin40° —10g=0 @
0.342...T, + 0.642...T, = 98

Horizontally (—): =T, c0s20° + T, cos40° = 0 ®
~0.939...T, + 0.766...T, = 0

The set of simultaneous equations is solved in the usual way. Whether you
are using the equation solver on your calculator or working it out on paper,
it is important that you keep as much accuracy as possible by substituting for
the different sines and cosines only at the very end of the calculation.

Multiply (D by cos20° and then add (2) X sin 20°

ou may recognise that

is is the compound angle

rm for sin (40° + 20°) and
is the same as sin 60°.

to give

T, (sin40° cos 20° + cos40°sin 20°) = 98 ¢

Method

Since thiee forces are in equilibrium they
can be represented by the sides of a triangle
t

109 Y

BV L ____
Figure 2.51

You can estimate the tensions by measurements. This will tell you that
T,~87and T, ~ 106 in newtons.

Alternatively, you can use the sine rule to calculate T', and T, accurately.

In triangle ABC, CAB = 70° and ABC = 50°, so BCA = 60°.

So Lo L __98
sin50°  sin70°  sin60° 180° - 70° - 50° = 60°
. _ 98sin50° _ 98sin70°
gving Ti=neos- 4 o = “gne0e

As before, the tensions are found to be 86.7 N and 106.3 N.



(Discussion point F, 3
Lami’s theorem states that when three forces
acting at a point, as shown in the diagram,
are in equilibrium
F_Ff _FR v P
sina sinf siny’

Sketch a triangle of forces and say how the
angles in the triangle are related to o, fand
7. Hence explain why Lami’s theorem is true.

Figure 2.52
N\ <
Two husky dogs are pulling a sledge. They bo ert fo of 60N but at

different angles to the line of the sledge, a n the diagram.The sledge
is moving straight forwards.

uoljow pue saduo04 z Jai1dey)

60 N

‘T _______ ET—
i
T

60 N
Figure 2.53
(1) Resdlve the two forces into components parallel and perpendicular to

the the sledge.

ad th

erall forward force from the dogs and the overall sideways

[he resistance to motion is 20 N along the line of the sledge and up to
00N perpendicular to it.

Find the magnitude and direction of the overall horizontal force on
the sledge.

(iv)  How much force is lost due to the dogs not pulling straight forwards?

Solution

@) Taking unit vectors i along the line of the sledge and j perpendicular
to the line of the sledge.

The forces exerted by the two dogs are
60cos15°1 + 60sin15°]

=57.95...i +1552...j

and 60 cos10°1 — 60 sin10° j
=59.08...1—10.41...j
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- Forces in equilibrium

(i)  The overall forward force is equal to

60cos15° + 60cos10° =117.04...

The overall sideways force is equal to

60sin15° — 60sin10° = 5.11...

(1)  The sideways force is cancelled by the resistance force opposing it.

The forward force is reduced by an amount 20N from the resistance
to motion.

So that the overall forward force is 97 N and the overall sideways
force is 0.

The magnitude of the overall force on the slédge is thus 97 N in
the direction of motion.

(iv)  If the dogs were pulling straight, th€"e
be 100N, so the amount of fore 4@
straight is thus 3 N. 60 - 20 (60N from

dog less 20N
m the resistance)

srall foree on the sledge would
e to the dogs not pulling

i 3

O each case

ets of forces are in equilibrium. Find the value of p and ¢ in

{3

A brick of mass 2kg is resting on a rough plane inclined at 40° to the
horizontal.
() Draw a diagram showing all the forces acting on the brick.

(i) Find the normal reaction of the plane on the brick.
liil  Find the frictional force acting on the brick.

A particle is in equilibrium under the three forces

p q
shown in the diagram. Find the magnitude of the ¢
force F and the angle 6.

3N
Figure 2.54

(4 A box of mass 10kg is at rest on a horizontal floor.
(i)  Find the value of the normal reaction of the floor on the box.

The box remains at rest on the floor when a force of 30N is applied to it at
an angle of 25° to the upward vertical, as shown in the diagram.
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: 30N

10 kg

Figure 2.55
(il Draw a diagram showing all the forces acting on the box.

(il Calculate the new value of the normal reaction of the floor on the box
and also the frictional force.
A block of weight 100N is on a rough plane

that is inclined at 30° to the horizontal. The
block is in equilibrium with a force of 35N

35N

acting on it in the direction of the plane, as 30°
shown in the diagram. 56

Calculate the frictional force acting on the b

@ horizontal ground by a

e tension in the rope is 60 N
e ground is 35N.

A crate of mass 10kg is being pulled acré
rope making an angle 6 with the hori

crate
ibrium.

The forces on the crate are in eq
() Draw a labelled diagr

(il Find the angle 6.

(iii) en the floor and the crate.

Find the nor reactl

@

Figure 2.57

A block of mass 10kg rests in equilibrium on a
smooth plane inclined at 30° to the horizontal. It is
held by a light string making an angle of 15° with
the line of greatest slope of the plane.

() Draw a labelled diagram showing all the forces

acting on the block.

Figure 2.58

(il Find the tension in the string and the normal
reaction of the plane on the block.
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Forces in equilibrium

(@ A particle A of mass 3kg is at rest in equilibrium on horizontal rough
ground. A is attached to two light, inextensible strings making angles of 20°
and 50° with the vertical. The tensions in the two strings are 10N and 20N,
as shown in the diagram.

10N !
20N

Figure 2.59
() Draw a diagram showing all the forces acting on A.
(il Find the normal reaction between the ground and A.

(i) Find the magnitude of the frictional force, 1
which it is acting.

icating the direction in

Four wires, all of them horizontal, are attache
pole as shown in this plan view. There 4 sultant

tensions in the wires are as shown.
40N

top of a telegraph
rce on the pole and

75N

Figure2:60

(i) perpendicular directions as shown in the diagram, show that
he e of 75N may be written as (25.71 — 70.5j) N (to 3 significant
).

Find T in both component form and magnitude and direction form.

he force T'is changed to (40i + 50j) N. Show that there is now a
resultant force on the pole and find its magnitude and direction.

A ship is being towed by two tugs. They exert forces on the ship as
indicated.

There is also a drag force on the ship.

Figure 2.61

[l Write down the components of the tensions in the towing cables along
and perpendicular to the line of motion, [, of the ship.

(il Show that there is no resultant force perpendicular to the line /. Find T.

il The ship is travelling with constant velocity along the line /. Find the
magnitude of the drag force acting on it.



&)

A skier of mass 60kg is skiing down a slope inclined at 20° to the horizontal.
() Draw a diagram showing the forces acting on the skier.
i)  Resolve these forces into components parallel and perpendicular to the slope.

i) The skier is travelling at constant speed. Find the normal reaction of
the slope on the skier and the resistive force on her.

liv) The skier later returns to the top of the slope by being pulled up it at
constant speed by a rope parallel to the slope. Assuming the resistance
on the skier is the same as before, calculate the tension in the rope.

The diagram shows a block of mass 10kg
on a rough inclined plane. The block is
attached to a 7kg weight by a light string
which passes over a smooth pulley; it is
on the point of sliding up the slope.

() Draw a diagram showing the
forces acting on the block.

i)  Resolve these forces into components £a
il Find the force of resistance to the
The 7kg mass is replaced by one

liv) Find the value of m for

tating whether they are in Figure 2.63

r compression.

of mass 75kg is in equilibrium on smooth horizontal ground with
ne end of a light string attached to its upper edge. The string passes over a
smooth pulley, with a block of mass mkg attached at the other end.

The part of the string between the pulley and the block makes an angle of
65° with the horizontal. A horizontal force F is also acting on the block.

Figure 2.64

(il Find a relationship between T, the tension in the string, and R, the
normal reaction between the block and the ground.

The block is on the point of lifting off the ground.
(il Find T and m.
(i) Find F.

uoljow pue saduo04 z Jai1dey)
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- Finding resultant forces

When the sledge is
modelled as a particle,
all the forces can be
assumed to be acting at
a point.

Two boxes of masses 15kg and 12kg are held by light strings AB, BC and
CD. As shown in the figure, AB makes an angle o with the horizontal and is
fixed at A.

Angle o is such that sin = 0.28. BC is horizontal and CD makes an angle
B with the horizontal.

Figure 2.65

(il By considering the equilibrium o
AB and show that the tension in

(i) Find B and the tension in

4 Finding re orces

When forces are in equilib , their resultant 1s zero. However, forces are not
The ne ple shows you how to find the resultant

in equilibrium.You know from Newton’s second law that
the accelerati ody will be in the same direction as the resultant force;

rememberghat force and@cceleration are both vector quantities.

is being pulled up a smooth slope inclined at an angle of 15° to the
tal By a rope which makes an angle of 30° with the slope. The mass

of the sledge is 5kg and the tension in the rope is 40 N.
Draw a diagram to show the forces acting on the sledge.
Q (ii)  Find the resultant of these forces.

(1)  Find the acceleration of the sledge.

Solution

R T tension

() Figure 2.66 is the force diagram. il
it
(i)  Method 1 reacion

Resolve the forces into
components parallel and
perpendicular to the slope.

* 59 weight
Figure 2.66



There is no frictional
force because the slope
is smooth.

Notice that although
the sledge is moving up
the slope this does not
mean that the resultant
force is up the slope. Its
direction depends on
the acceleration of the
sledge which may be
up or down the slope,
or zero if the sledge

is moving at constant
speed.

/Discussion point

Try resolving
horizontally and
vertically. You will
obtain 2 equations in
the two unknowns F
and R. It is perfectly
possible to solve these
equations, but is quite a
lot of work. How can you
decide which directions
will be easiest to work
with?

The resultant force is in the
direction of motion and so
must be parallel to the slop

@

Scale (N)

L 1 1
0 10 20

Figure 2.68

mg=49Y

Components of the weight Components of the tension

40 40 sin 30°
5g sin 15°
\ 30°
3 40 cos 30°
59 5g cos 15°
Figure 2.67
Resolve parallel to the slope: > / The force R is
The resultant is F = 40cos30° — 5¢sin15° perpendicular to

the slope so it has
no component in
this direction

=21.959...

Resolve perpendicular to the slope: >

R + 40sin30° — 5gcos15° = 0
R =5gcos 15° — 40sin 30° =

There is no
resultant force
in this direction
To 3 significant figures, the norpaaleea is because the

27.3N and the resultant force e motion is parallel
1 to the slope
slope.

Method 2

Alternatively, you couldyhave worked in column vectors as follows.
4

6 o —5g¢sm15° & Parallel to slope
+ + =
R —5gcos15° 0

Perpendicular to slope

ow the resultant force you can work out the acceleration
ofithe sledge using Newton’s second law.

F = ma
21.959... = 5a
a=2120% g 500

The acceleration is 4.4ms™ (correct to 1 d.p.)

An alternative way of approaching the previous
example is to draw a scale diagram with the
three forces represented by three of the sides of a

The resultant is represented by the fourth side AD.

From the diagram, you can estimate the normal
reaction to be about 30N and the resultant 20 N.

quadrilateralgkﬂ)in orde_r) (with the arrows following
each other, AB, BC and CD), as shown in Figure 2.68.

Discussion point

In what order would you draw the lines in the diagram?

uoljow pue saduo04 z Jai1dey)
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Finding resultant forces

/Discussion point oA A
What can you say about the acceleration of the sledge in D
the previous example, in the cases when:
(i) the length AD in Figure 2.68 on the previous page
is not zero?
(ii) the length AD is zero so that the starting point on
the quadrilateral is the same as the finishing point? 49N
(iii)BC is so short that the point D is to the left of A, as
shown in Figure 2.697
Figure 2.69

X

Example 2.14 Two forces P and Q act at a point O o

magnitude 50N and acts along a be

Q cle of mass 2kg. Force P has

o 0f.030°. Force Q has magnitude of

(1) Find the magnitude beari e resultant force P + Q.
(i1) Find the acceleration of th

Solution
(1) Forc

30N

Notice that P and are
written as vectors.

Figure 2.70

50 sin 60°

_ 25
43.30...

—30cos45°
Q= 30sin 45° ]

(2121,

“| 2121,

pro=[ B 4221
43.30...) | 21.21...

3 [ 3.78...}
64.51...
Figure 2.71

50 cos60°}
P=




The resultant is shown in Figure 2.72.
Magnitude |P+Q|=+3.78..% +64.51...°

= 64.62
; ) _ 64.51...
Direction tanf = 378
6= 86.64...°

The bearing is 90° — 86.64...° = 3.36...°

The force P + Q has magnitude 65N and
bearing 003°.

(1) The acceleration of the particle is given by

_1(378...]_(1.89
(P+Q)= 3 (64.51...)_(32.3)

164.5

DO —

a

>

m = 2kg

uoljow pue saduo04 z Jai1dey)

of 003°
Sometimes, as in the @p@xt example, it 1s just as easy to work with the
trigonometry of th€'diagtam as with the components of the forces.
The angle n the lines of action of two forces X and Y is 6. Find the

magnitude andydirection of the resultant.
tioE
Y
/
> X

Figure 2.73
Use the cosine rule in triangle ABC. The magnitude of the resultant is E

F =|X+Y|=/AB + BC’ — 2AB X BC X cos(ABC)

= JX?+Y? = 2XY cos(180° - 6)

= JX?+Y? +2XY cos 6

Use the sine rule in triangle ABC. The resultant makes an angle ¢ with the
X force.
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Finding resultant forces

sinCAB _ sinABC

BC ~ AC

sind  sin(180° —0)
Y F

sin@=%sin0

& = arcsin (% sin 0)

The resultant of the two forces X and Y inclined at 6 has magnitude

F= \/Xz +Y?+2XYcos 6 and makes an angle arcsin(%sine) with the X force.

For questions 1-6, carry out the following steps. All forces are in newtons.

(il Draw a scale diagram to show the forces resultant.

the magnitude and direction of the

(i) Write the forces in componen
so obtain the components o
direction of the resultant.

d (iii).

(iv) Compare your answez§ to part

@

10N 5N

8N

2V2Z N

25N

20N
4N

O] 550
20 22 4N
- 250
! Y

30N
6N

8N
Figure 2.74
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Four horizontal wires are attached to a telephone post and exert the
following tensions on it: 25 N in the north direction, 30 N in the east
direction, 45 N 1in the north-west direction and 50 N in the south-west
direction. Calculate the resultant tension on the post and find its direction.

Forces of magnitude 7N, 10N and 15N act on a particle of mass 1.5kg in
the directions shown in the diagram.
15N

Figure 2.75

(i) Find the components of the resultant of t orces in the i and j
directions.

(il  Find the magnitude and direction o

il Find the acceleration of the paxti

(il Find the resultant of the set hose magnitudes and
directions are shown in the d
4N
A
5N
3N
60°
60°
60°
2
TN
6N
Figure 2.76

The forces are acting on a particle P of mass 5kg which is initially at

rest at O.

(il How fast is P moving after 3s and how far from O is it now?

A force P of magnitude 5N makes an angle of 60° with a force Q of
magnitude 4 N. Find the magnitude of the resultant force and the angle it
makes with the P force.

Two forces P and Q are at right angles to each other. The resultant has
magnitude 20 N and makes an angle 60° with P. Find the magnitude of P
and Q.

The resultant of two forces P and Q acting on a particle has magnitude
P = |P|.The resultant of the two forces 3P and 2Q acting in the same
directions as before has magnitude 2P. Find the magnitude of Q and the
angle between P and Q.
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Finding resultant forces

KEY POINTS

1 Newton’s laws of motion
® Everyobject continues in a state of rest or uniform motion in a straight line
unless it is acted on by an external force.
® Resultant force = mass x acceleration or F = ma
® When one object exerts a force on another there is always a reaction force
which is equal and opposite in direction to the acting force.
2 Force is a vector. It may be represented in either magnitude-direction form or
in component form

Figure 2.77

Magnitude ofF=|F|= IFxZ+Fy2 A ijz(?j

Figure 2. Figure 2.79
Fcos @
Fsin6

F
ant forces
Fx GX HX
R=F+G+H= e -
Q £ )rle ) e,

X
R:[Y]_X=Fx+cx+Hx_Y:Fy+Gy+Hy

Fsin0j=[

Magnitude of R=vX?+Y?  Direction of RG:arctan(X]
ey X
5 Equilibrium
When the resultant is zero, the forces are in equilibrium.
6 Triangle of forces

If an object is in equilibrium under three non-parallel forces, their lines of
action are concurrent and they can be represented by a triangle.




LEARNING OUTCOMES
When you have finished this chapter, you should be able to

>
>
>

draw a diagram showing the forces acting on a body
apply Newton’s laws of motion to problems in one or more dimensions

resolve a force into components having selected suitable directions for
resolution

find the resultant of several concurrent forces

realise that a particle is in equilibrium under a set of concurrent forces if and
only if the resultant force is zero

know that a closed polygon may be drawn to represent the forces acting on a
particle in equilibrium

formulate equations for equilibrium by resolving forcesin suitable directions

formulate the equation of motion of a particle whi
several forces

ing acted on by

know that contact between two surfaces is n the normal reaction
force becomes zero.

<<&
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