TRIGONOMETRY

Trigonometry is a branch of mathematics that studies
relationships involving lengths and angles of a triangle. It
comes from two Greek words — trigonom (triangle) and
metron (measure).

There is an enormous number of the uses of trigonometry
and trigonometric functions. For instance, the technique
of triangulation is used in astronomy to measure the
distance between land marks. Although it was first
applied in spheres, it had a greater application to planes.
Surveyors have used trigonometry for many centuries.

Within mathematics, it is used in calculus (perhaps its
greatest application), linear algebra, and statistics.

Trigonometric tables were created over 2000 years ago for
computation in astronomy.

A student is expected to be familiar with the definitions of
trigonometric ratios for acute angles.

If one angle is 90° and one of the other angles is known,
the third can be determined because the three angles of
any triangle add up to 180°. The two acute angles
therefore add up to 90° (complimentary angles).

Once the angles are known, the ratios of the sides are
determined regardless of the overall size of the triangle. If
the length of one side is known, the other two are
determined. These ratios are given by the following
trigonometric functions of known angle, A; where a, b,
and c refer to the lengths of the sides accompanying the
figure.
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Sine function (sin)
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hypotenuse.

A

opposite _ a
hypotenuse ¢

sinA=

Cosine function (cos)
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The hypotenuse is the side opposite to the 90° angle. It is
the longest side of a triangle and one of the sides adjacent
to A.

The term perpendicular and base are sometimes used for
opposite and adjacent sides respectively.

Many people find it easy to remember what sides of the
right angle are equal to sine, cosine, or tangent by
memorising the mnemonic SOH-CAH-TOA.

The reciprocals of the functions are named cosecant
(cosec), secant (sec) and cotangent (cot)
1 Hypotenuse _c

cosec A=
sinA Opposite  a
sec A 1 Hypotenuse _c
cosA  Adjacent b
cotA:i _ Adjacent _cosA_b

tan Opposite sinA a

Consider the following triangle ABC

r
y
V]
A \ X |_B
sinH:X , cos@:é;and tanezl
r r r
y=rsin 6, X=rcos &
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Applying the Pythagoras’ theorem to triangle ABC;

= (rcos 8)? + (r sin ) =1r?
r’cos? 8+ r2sin® = r?
cos?> @+sin? =1
CoS2@+SiN?@=1............ccceiiiiinn. (1)

cos? @+sin?0=1

Dividing equation (i) by cos?&
cos’6  sin’@ 1
T 2, 2
cos“@ cos“@ cos O
1 + tan®d = sec?d
1+tan?@=5SeC%0 .......cccoviiiiiiiiiaain (i)
1 + tan?@ = sec’8

Dividing Eqn (i) by sin?8
cos’0 sin’é 1
) T o T w2
sin“d sin“@ sin“é
cot?d+ 1 = cosec?d
1+Cot?0=0C0SEC%0 ........eeveiiieieeiee, (iii)
1 +cot?f=cosec’d |

Trigonometric Ratios for general angle

2" quadrant x, y)

1%t quadrant

th
3 quadrant 4™ quadrant

Angles measured from the x-axis in the anti-clockwise

sense are termed as positive angles while those measured

in the clockwise sense are negative angles.

When A is in the 1% quadrant, x and y are positive. When

A is in the 2" quadrant, x is negative and y is positive.

When A is in the third quadrant, x and y are all negative.

When A is in the 4" quadrant, x is positive and y is

negative. r is taken to be positive for all positions of the

line OA.

The trigonometrical ratios for angles xOA of any
magnitude are defined precisely in the same way as for
acute angles.

R |
Thus sin = =,

r

The appropriate signs are attached to x and y according to
the position of point A. hence for angles in which OA lies
in the 1% quadrant; since x and y and r are positive, the
sine, cosine, and tangent will all be positive.

cos #= X and tan 6’:1
r X

For angles in which OA lies in the 2" quadrant, since y
and r are positive and x negative, the sine is positive.
Cosine and tangent are negative.

For angles in which OA is in the 3" quadrant, sine and
cosine are both negative but tangent is positive. In the 4"
guadrant, sine and tangent are negative while cosine is
positive. This is illustrated below.

ALL
SINE (+ve)
(+ve)
TANGENT COSINE
(+ve) (+ve)

Trigonometric ratios of 30°, 45°, and 60°

Consider the equilateral triangle ABC of side x
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TANK

A_$60° N

Applying the Pythagoras’ thebrem:
()" +(CN)? =2
2

X ENY =2
4+(CN) X

XZ

CN 2 = 2 _ —
(CN)* =x Z
—2 _ 3x°
CN = e
N = Y3
2
Using SOH-CAH-TOA
sing = Opposite
Hypotenuse
. CN
sind = E
B
sin60° = 2%
X
_\3
2
oo X121
sin30°=——= >
oSO — Adjacent
Hypotenuse
3
sin60°=-2-= ﬁ
X 2
Nl
c0s30° =22 = ﬁ
X 2
B
tan60°=—2-=+/3
%
%
tan30 =
xﬁé
1
tan30=—=
3

Consider a right isosceles triangle with two sides of
lengths x units.

45°

B

457\ C

Applying the Pythagoras’ theorem on ABC:

X2+ x2 = AC?
2x2 = AC?
AC = x2

Applying SOH-CAH-TOA

sing = Opposite
Hypotenuse
in45° =X
Sin45° = AC
. X 1
Sin45° = —==—
x2 2
oSO — Adjacent
Hypotenuse
. X 1
sin4b°=——=—
x2 2
_ Opposite
tan6= Adjacent

sindse =2 =1
X

Example I

Write down the values of the following, leaving surds in
your answers (the calculator should not be used).

(a) cos 780°
(b) sin 780°
(c) tan 780°
(d) sin 540°
(e) cos 540°
(F) cos 210°
(g) sin 150°
(h) sin(-270°)
(i) sin225°
(j) sin 405°
(k) tan(-60°)

Solution
(&) cos 780.



@ o
NP

cos 780° = cos 60°

sin-270 = +sin 90° =1

1 sin 225°
T2
sin 780° = sin 60°
_ B3
) 45
tan 780° = tan 60° = /3

sin 540° sin 225° = -sin 45° = -1
2
f N sin 405°
7
N
sin 540° = sin 180° = 0° \i/
cos 540° = cos 180° = 0° 1
sin 405° = sin 45° = ﬁ
cos 210°
/\ Trigonometric Curves
30 For any angle 0, a single value of sin & or cos & can be
found. The same applies to tan & unless when #= +90° and
+270° for which the values of tan Zare not defined. Thus sin

. o B ¢ and cos # are functions which are defined for all negative
cos 210° = -cos 30° = - values of &

Tan 0 is a function which is defined for all positive
A and negative values of 6 except +£90° and +270°.

l/—\ To draw the graphs of sing, cosdand tang, we
30 construct a table of values, giving ordered pairs of
these functions and hence plot the graph.

sin 150°

Example
y =sinéd

6 |-270|-180(-90| O |90 (180|270|360|450(540
y=sing 1 | 0 |-1|0|2]0|-1|0|1]0

sin 150 = +sin 30 =

N~

sin -270°
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y=sinf

270 -\80 90 90 180 270 360 450 \v
-1
y = cosé
1] -180| -90 | O |90 (180|270|360|450
y=cosgdl 1 | O |1]|0|-12[0(|1]|0
y/
y =cosé
*180 -90 0 0 450
y =tané
6 |-270]-180(-90 90 {180(270|360|450
y =tang| oo 0 | oo 0w |0 || 0| o
y
y= tan,
0 80

)
N
e

From the graph of sin # and cos &, the maximum
values of cos # and sin #are 1 and 1 respectively.
The minimum value of cos #and sin Zare -1 and -1

respectively.

The graphs for sing and cosé# repeat themselves at
regular intervals of 360° while that of tan# repeat
itself at regular interval of 180°. These intervals are
called periods. These trigonometric functions are

SRR S el

[{=}
U

examples of periodic functions.

N
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Trigonometric Equations

Trigonometric equations differ from algebraic
equations in that they often have unlimited number
of solutions.

Example |
Solve the following equations for 0< 6 < 360°

(@) sinH:;

(b) seco=2
(¢) tang=—3
. _l
(d) sin®6= 5
Solutions

sinez_—1
2

The acute angle whose sine is % is 30°. But sindis

negative in the 3™ and 4™ quadrants.

(@) / /(Jﬁ

30° 30°

=Forsin @ = -1
2

0 =210°

0 =330°

(b) secH=2

1,
cosé

= l=cos¢9 :cosé?zl
2 2

The acute angle whose cosine is % is 60° but cos 0°

is positive in the 1% and 4™ quadrants.
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/J 3

30° 60°

For cosd = % 9= 60°, 300°

(c) tano=—/3

The acute angle whose tangent is +/3 is 60° but

tand is negative in the 2" and 4" quadrants.

)

\- 60°

= For tan@=—/3, 0 =120°, 300°

(d) sin% =+
2
. 1
sinf=+—
J2
—sing = and sing —=

N N

The acute angle whose sine is L s 45° but

2
sin#is positive in the 1%t and 2" quadrants.
135°

45N] 45

=45, 135

= For sin@ =

1
— .0
2

(R,

35 45°

N

For sin@ =

. -1
Forsin= —
2

&P = 225°, 315°

For sin28= % , 0 =45, 135°, 225°, 315°

Example 11

Solve the following equations for -180° < 6 < 180°.

(a) Sin(20 +30)=0.8
(b) tan’6 +tan 6 =0
(c) sin8+sin®=0

(d) 2sin?0 —sin@-1=0

Solution
(@) sin(26+30°) =0.8
26+ 30° =sin-%(0.8)
26+ 30° =53.1°, 126.9°
= 20=23.1,96.9
0 =11.55, 48.45
For sin(26+ 30°) = 0.8, 6 = 11.55, 48.45.

(b) tan’6+tan 0 =0
tanB(tan® + 1) =0
tan6=0 ORtan6=-1
Fortan 6 =0,

0 =tan-10
0=0,-180, 180

For tan 6 = -1, the acute angle whose tangent is 1 is

45°, But tan 0 is negative in the 2nd and 4th
quadrants.
N

135°

45°

Fortan 6 =-1, 6 = 135°, -45°
= tan’d +tand=0
6 =-180°, -45°, 0, 135°, 180°

(c) sin?0+sin0=0
sinB(sinB +1) =0
sin@=0, sinf=-1
For sin 6 = 0°, =0, 180°, -180°
Forsin 6 =-1,
The acute angle whose sine is 1 is 90°. Sine is
negative in the 3 and 4" quadrants.
Forsing=-1, 0=-90
For sin? 8 + sin # = 0°, & = -180°, -90°, 0°, 180°

(d) 2sin?0-sin®—-1=0
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sing — 1+ (-1)% - 4(2)(-1)

2x2

J’_
singzg
4

= sind=1, sin@= _?1

For sing=1,
6= sin-(1)
8=90°

For sin@= _—1,
2

6=-30°, -150°
= 6=-30°, -150°, 90°

Example 111

Solve the following equations from 0° to 360° inclusive.

B3

a) cos30=—
(@) 5

(b) tan(360-—45°) =

(c) sec20=3
(d) 4cos20=1

(e) tan?0= %
(f) sin220=1

N |-

Solutions

B3

a) cos30= —
€)) 5

30 = cos™ (EJ
2

36 = 30°, 330°, 390°, 690°, 750°, 1050°
= ¢=10° 110°, 130°, 230°, 250°, 350°

(b) tan(30 — 45°) = %

360-45= tan* (lj

2
38—-45=26.6, 206.6, 386.6, 566.6, 746.6, 926.6
= 0=23.9° 83.9° 143.9°, 203.9°, 263.9°, 323.9°

(c) sec26=3
1 _3
cos 26

l =0s26
3

20=cos (%)
260=170.5° 289.5° 430.5° 649.5°
6=35.25°,144.75°, 215.25°, 324.75°

(d) tan?e = %

tan 6= J_ri
3
tan 6= i or tan 8= —i
3 3
For tan 8= % 6=30°, 210°

For tan © —i, 6= 150°, 330°

Na

= When tan?0 = % 6=30°, 150°, 210°, 230°

(e) sin20=1
sin2@=+1
Forsin2 6=1,
20 =90°, 450° = 0 = 45°, 225°
sin26=-1,
20=270,630 = 0 =135°, 315°
= Whensin?26=1,
0= 45°, 135°, 225°, 315°

Example IV
Solve the following equations for values of & from -180°
to 180°

(@) tand=cotd +3

(b) sec & =2cos 6

(c) 5sin 6 +6cosec 8 =17

(d) 3cos §+2sec 8 +7 =0

Solution
(@) tand=4cotH+3
tan 0 = i + 3
tan @

tan?d = 4 + 3tan 6.

tan’d—3tan 0—-4=0

3+ (-3 - 4W)(-4)
2(1)

tand =

tanezE
2

tan 6 = 4, tan6=-1
When tan 6 = 4,

0 =tan(4)

0 =76°, -104° (for -180° < 6 < 180°)
When tan 6 = -1,
0 =tan(-1) = -45°, 135° (for -180° < 0 < 180°)
= Fortan § =4cot 6 + 3°,

0 =-104°, -145°, 76°, 135°
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(b) sec19— 2cosé For cos § = _?1
——=2c0s6
cosd 6 =109.5°, -109.5°.
1 =2cos?8
) 1 Example IV
cos"f= - Solve the following equations from 0° to 360°
1 (@) 3 — cosf = 2sin%d
cos = +—= (b) cos?8+ sinf+1=0
2 (c) sec?=3tand — 1
_ 1 0 re seo (d) cosec?d=3+cot @
For coséd N 0 = 45°, -45°. (&) 3tan’6 + 5 = 7sec 6
For cosf= —, 6=135°, -135° Solutions
V2 (@) 3 —cosd = 2sin%0
For sec 8= 2cos 6, §=-135°, -45°, 45°, 135°. 3 3cos 8= 2(1 - cos?6)

: 3 —3cos #=2—2c0s’8
(c) 5sin @+ 6cosec 4= 17 200526 —3c0s8+ 1 =0

Solution as A —axa ol
5sind+ 6cosecd = 17 cosg = SEV(ES)” —4x2x

. 6 2x2
5sin0+—=17
sing Cosg_w
5sin’g+ 6 = 17siné@ a 4

5sin2g — 17sin@ + 6

1
cos# =1 0ORcos = —
- 17+/(-17)? - 4(5) x 6 2
Sing'= 2%5 Forcos =1, -
6 =cos™(1
Siné’:171L\/289—120 0= 0°, 360°
10 1
n Forcos 0= —,
sing=17+13 2
_ 10 0 =cos(1/2)
s!n¢9=3 6 =60°, 300°
sing=0.4 = For 3 — 3coséd = 2sin?6, 8= 0°, 60°, 300°, 360°
f=sin(0.4) = 0 =23.6, 156.4
6=sin(3) = & has no value since sin@is (b) cos?0+sinf+1=0
maximum when it is 1 1-sin?6+sinfd+1=0

sin2@-sin 8—-2=0
14 J(-1)? — 4x1x -2

(d) 3cos 6 +2sec 6 +7 =0

3c0s O+ +7=20 sin & = 5
cosé 143

3cos? 8+ 2+ 7cos =0 sing ===

3cos? @+ 7cos 9+2=0 2

sin@=20Rsing=-1
—7+J(7)° —4x3x2

cosg 2x3 For sin 6 = 2, the value of @ is not defined because sin &
-7+5 is maximum at 1
C0s6 = 6 For sin 6= -1, 6 =270°
cosf= 3 (c) sec?d=3tan 9-1
cosd= 2 sec’d=1+tan’d
B - =1+tan?d=3tan -1
For cos#= -2, &has no values because the minimum tan26 — 3tan 6+ 2 = 0
of cosé is -1
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+(-3)? -
tan0—3 (-3)" —4x1x2

2x1
tanezE
2
tand=2 ORtanf=1
Fortan 6= 2,
6=tan}(2) = 63.4°, 243.4°
Fortan =1,

f=tan1(1) = 45°, 225°

=~ For sec’f=3tand- 1, §=45°, 63.4°, 243.4°, 225°.

(d) cosec?d =3 + cotd

But cosec?d = 1 + cot?9

=1+cot’d=3+cot b

cot?’d—cotd—-2=0

14 J(-)? - 4x1x(-2)
2x1

cotld =

1+3
2
cot =2 ORcotfd=-1

cotd =

:>tan49=% OR tang =-1

For tanf = 1 ,0= tan'l(l)
2 2

0 =126.6° 206.6°
For tang = -1, § = 135°, 315°

= For cosec’d= 3 + coté,
0= 26.6°, 135°, 206.6°, 315°

(e) 3tan?@ + 5 = 7sec

3(sec?0— 1) + 5= 7secd
3sec’d — 3+ 5=T7sech
3sec’d—Tsechd+2=0

+(-7)? -
sec@=7 (=7)"—4x3x2

3x2

7

-+
(6]

secd =

@ ‘

secd=2 ORsecHd=

Wl

=cosd=1 ORcosf=3

2

For cosd = % 0 = 60°, 300°
For cos# = 3, 6 is not defined because cos@ is
maximum at 1.

(f) 2cot?0 + 8 = 7cosecd

1 + cot?d = cosec?d

cot?0 = cosec?d — 1
2(cosec?d — 1) + 8 = 7cosectd
2co0sec’d — 2 + 8 = 7cosecd
2cosec?d — 7cosecd + 6 =0

+./(=2)? —
C0SeCH = 7T+\(-2)°—4x2x2

2%x2
_ 745
cosecld = 7
cosecd = 3, OR cosecf = %
o1 o
=sing = 3 OR sin6=2
For sing = % 6 =195, 160.5

For sind = 2, 0 = sin"}(2)
The values of 0 are not defined.

Example | (UNEB Questions)
Find all the values of 8, 0°< 8 < 360°, which satisfy the

equation
sin? @ —sin 20— 3 cos? 6 = 0.
Solution
a) sin?—2sin #cos & —3cos? =0
Dividing through by cos? 9,
tan?6—2tan 6 —3=0
tan?0—3tan § +tan -3 =0
tan g (tanH—3)+ 1(tan8—3)=0
(tanf—3)(tan 6+ 1) =0
Either tand—3=0
tand=3
0 =tan}(3)
0=71.6° 251.6°
Or tand+1=0
tangd =-1
0 =tan(-1)
0 =135°, 315°

Example 11 (UNEB Question)

Solve cos 4 + sin 20 = 0 for 0° < 6 < 360°.
cos@+sin20=0
cos @ +2sinfdcosd=0
cosf(L+2sind)=0

Either cos6=0
0 = cos*(0)
6 =190° 270°
Or 1+2sin6=0
2sinf=-1
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sin @ = 1
2

. 1
6 =sin(-=
(-3)

6 =210°, 330°
For 0° < 6 <360° 6 =90° 210°, 270°, 330°

Example 111~ (UNEB Question)
Solve cot?4 = 5(cosec & + 1) for 0° < & <360°

Solution

(@) cot? &= 5(cosec 0 + 1)
But cot?d = cosec?d — 1
cosec? @ — 1 = 5(cosec O + 1)
cosec’fd—1=5cosecd+5
cosec’?#—5cosec—6=0
cosec? § — 6 cosec & +cosecd—6=0
cosec #(cosec # — 6) + 1(cosec 0 —6) =0
cosec 8 —6) (cosec d+1)=0

Either cosec 6 =6

1

——=6
sin@
sin@ = 1
6
0 =9.6°170.4°
Orcosecd+1=0
.
sin@
0 =270°
Hence 8 = 9.6°, 170.4° and 270°
Example IV (UNEB Question)

Solve 2sin 2x = 3cos X, for —180° < x < 180°.

Solution
2 sin 2x =3 cos X
2sin2x-3cosx=0
But sin 2x = 2sinxcosx
4sinxcosx—3cosx=0
cos X (4sinx—3)=0
cosx=0
x = cos}(0)
X =90°, -90
4sinx—-3=0

. 3
SInX= —
4

X= sin{ﬁ)
4

X =48.6°, 131.4°
= x=(790°, 48.6°, 90°, 131.4°) are the solutions to the
equation 2sin 2x = 3c0s x

ExampleV  (UNEB Question)
Solve the equation cos x + cos 2x = 1 for values of x from
0° to 360° inclusive

Solution

COSX + cos2x =1

But cos2x = 2cos? x — 1

By substitution, we have
COSX + 2c0sX —1 =1
2c0s°X + cosx —2=0

. ~1+ ()7 - 4x2x(-2)
2x2

-1+ \/12 +16

4

COS X =

1:417

4

—1+\/1_7
4

x=38.7°,321.3°

117
4

cosx = -1.280776406
(The values of x are not defined because x is maximum at
1)
Hence x = 38.7°, 321.3°

Taking cosx =

Taking cosx =

Example VI (UNEB Question)
Solve 7tané + cot @ = 5secd for 0° < § < 180°.
Solution

(@ 7tan 0+ cotd=5secd
sin@ cosé 5
7 +—-=
cosd sind cosd
Multiplying through by cosé sing
7sin%0 + cos?f = 5sind
7sin?0+1—sin>?=5sin @
6sin?d—5sind+1=0
6sin?0—3sinfd—2sinf@+1=0
3sin@(2sinfd—-1)-1(2sinfd—-1)=0
(2sin@—1)3sin—1)=0
Either 2sin9=1

siné?:l
2

0 =sin! [lj
2

6 =30° 150°
Or 3sing—-1=0

sinH:1
3

0 =sin! (Ej
3
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0=19.5% 160.5° X2y

= 19.5% 30°, 150°, 160.5° are the solutions to the 2 b
equation
) (i) x=atang,y=bcoséd
Example VIl (UNEB Question) X y b
Solve the equation 4cosx — 2cos2x = 3 for 0° < x < . a3 tand, b cosd = ¥ =seco
Solution 20 = cap2
405X —2(2 cos? X — 1) =3 Lrianf=secd
4CoSX—4cos?Xx+2=3 1+(§j _ b
4cosX—4cos?’x—1=0 a y?
4cos’Xx—4cosx+1=0 W2 b
4cos’X—2cosX—2cosXx+1=0 1+ — =—
2cosx(2cosx—1)—1(2cosx—1)=0 a
(2cosx—1)2cosx—1)=0
= 2 cos X — 1 =0 (iv) x=1-sing, y=1+cosé
2cos x = 1 sind=1-x, y —1=cost
1 sin?d + cos?9 =1
COSXZE (1—x)2+(y—1)2=1
X = 60°,300° = (X — 1)2 + (y — 1)2 =1
x=Z 3%, (V) X=SiNO+tan @ .......ccovveeeen. (i)
3 3 Y=tand—SiNG.....ocvveeeeee (ii)

Eqn (i) + Eqn (ii);
.. . . X+y=2tand
Elimination of Zfrom a set of equations R

tanéd= M
Example 2
Eliminate #from the following equations: Eqn (i) — Eqn (ii);
(i) x=acosh,y=bsind X—y=2sind
X— .
(i) x=acotd,y=bsecd Tyzsme
iii) x=atan®, y=Dbtano
(i y From tan6?=u
(iv) x=1-sin@,y =1+ cosd 2
. . 2
(v) x=sind +tand, y = tanb —sind = cotd = m
(vi) xcosB +ysind =a, xsin—ycosd =Db X—y

From sin@ = ——=
2

Solution
(i) x=acosd y=bsing — cosecld = 2
X y X—y
Z—cosf, L =sing
a cose, b sin 1 + cot?d = cosec?d
sin?g+ cos?d=1 2 2
2 2
X2 yz 1+ =
— = X+Yy X-y
a® b’
144 __ 4
(i) x =acotd,y = b cosectd (x+y)*  (x-y)°
= (X —y?)? = 16x
gzcote,z %zcosece "=y y
1 + cot20 = cosec2d (vi) xcos@+ysind=a...................... 6]
2 ) xsind—ycosd=b...................... (i1)
o2 -
a b From Eqn (i);
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Substituting Eqn (iii) in Eqgn (ii);

Xsin @ — y(ﬂ} =b
X
= X%sind — ay + y%sind = xb
(X2 + y?)sing = xb + ay
sing = b>2< hl ai/ .........................
X +y
Substitute Eqgn (iv) in Eqn (iii)
a-y(re
=cosf= ———
X
2 2 _ 2
oS0 = ax +ay2 bxzy ay
X(X“+y°)
2 —
cosé = axz—ble
X(X°+y°)
cosf = a;<—b32/
X“+y

sin’g + cos?9 =1

(bx+ay)®  (ax—hy)* _
(C+y?)? (C+y)

(bx + ay)* + (ax — by)* = (x* + y*)?

b?x? + 2abxy + a?y? + a®x? — 2abxy + b?y?

= (2 + y?)?
(X +y5)(@* + b?) = (X* + y2)?

Proving Trigonometric Identities
(i) secd + cosech cotd = sech cosec?d
(i) sin?0(1 + sec?d) = sec?0 — cos’0
... 1—cosé 1
(i) — =
sinég cosecd +cotd
. tan @ +cot @ 1
(iv) =

secd +cosecd sin@+cosd

cosecd

(v) sec’f=——"—""" "
cosecd —sing

~ 1+sin@

(vi)

=secd +tand

1+sind
1-sing
cota +tan g
cotf+tana

= (secd + tan )?

(vii)
(viii)

=cotatan S

Solution

(a) sec@ + cosecé cotd

1 1(
+

B cos@ sin@

 cosé
_sin®0+cos’* 0

1 cosd

sin?@cos? @

1

sin®@cos® O

=—x

1 1
cosé sin?é

=sec@cosecd

(b) sin?0(1 + sec?0)
=sin? @ +sin’ Osec? 6

=sin?6 +

= sin%0 + tan%0
=sin%0 + sec’0— 1

=1-cos%0 +sec?6—1
= sec?d — cos?0

1-—

(©)

cosd

sing
_1-cosf 1+cosd
sind 1+cosé@

sin? @

sin® @
cos? 6

cos@)
sin@

1-cos?® @

B sin@ +sin@cosf

sin’@

B sin@+sin@cosd

sin6

sin® 9
sind sindcosd
sin2 0 sin?0

1

~ cosech + cotd

tan@ + cot@

(d)

secd + cosecH

sing cosé
cosé + sin@

1 + 1

cosé sin@

sin® 0+cos® &
sin & cos

sin 8+cos
sindcosé

1

" sin@+cosd
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e) sec’d=
(€) cos’ 0

1
1-sin?@
1
sin@

1 sin’g
sin@ sin@
_ cosecd

cosecd —sin@

sec’ @ =

1+siné
cosé
1+singd (1+sind)cosd
cos®  coséxCcosd
_ cos@ +sin@cosd
- cos? @
_ cosd +sin¢9c05¢9

=secd +tand

(f)

cos’d  cos*d

1 sing
cos@ cosd
=secd +tand

1+sin@(+sin )
1-sin@(L+sin6)
_ (L+sing)’
~ 1-sin?6
_(+sino)’
~ cos’ o
_1+2sin@+sin’0
- cos’ 6

(9)

1 2sin@ sin’o

= 75t 75t 2
cos“@ cos“@ cos O
=sec’ @+ 2tanfsech + tan’ O

= (secd + tan §)?

cota +tan g
cotf+tana

(h)

cosg | SIS
sina cos g

cosf + sina
sin g8 cosa

COSar COs f+sinasin f
sina cos B
COSa Cos f+sinasin
cosasin

_cosasin f
" cos Bsina
_cosa sinp
“sina cosp
=cotatan g

Formulae for sin(A £ B), cos(A £ B),
and tan(A £ B)

sin(A + B) = sinAcosB + cosAsinB
sin(A — B) = sinAcosB — cosAsinB
cos(A + B) = cosAcosB — sinAsinB
cos(A — B) = cosAcosB + sinAsinB

tan(A + B) = tan A+tan B
l-tanA+tanB

A- B

tan(A - B) = tan tan

l1+tan A+tanB

Examples

Find the values of the following:
(a) cos(45° —30°)

(b) cos 105°

(c) cos 75°

(d) sin(60° + 45°)

(e) sin 15°

Solution
(a) cos(45° —35°)
= c0s45° cos30° + sin45°sin30°

1 311
_$x7+$x§
_B3 L1
V2 22
_1+\/§
N
_(@1+43)242
(2V2)(2\2)
_2\/§+2J§_\/§+J€
8 4
(b) sin(30° +45°)
=5in30 cos45 + cos30 sin 45
;(i]&xi
J2) 2 2

2
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_1 4B

202 202

_J§+1

-

_222(3+1) _B++2
4 2

(c) cos 105°
= cos(60° + 45°)
= €0s60 cos45 — sin60 sind5
11 V81
2 2 2 2
1 B
T2\2 22
_N3-1 _(@-V3)\2
22 222
-\

4

(d) cos 75°
= c0s(30° + 45°)
= c0s30° cos45° — sin30° sin45°

31 11
2R 2%
B
N

(F) sin15°
=sin(45 — 30)
= sin45 cos30 — cos45 sin30

1 3 1 1
22 22
_3 1
22 22
_233-1
55
_(B-n2v2 642

8 4

Example 11
Ifsin A= E and sinB = i
5 13

angles, find the values of the following:
(a) sin(A+B)
(b) cos(A +B)
(c) cot(A+B)

, Where A and B are acute

_B-1_(B-n22
22 22x2\2
J6 -2

4

(F) sin(60° + 45°)
=sin60 cos45 + cos60 sin45

_(B+1242
- 2\/§x2\/§
_222(3+1) _B++2

8 4

Solution
{‘ A
3 1
A -~ B R
X o p "
X2+32:52 p2+52:132
x> +9=25 p?+25=169
x?> =16 p? =144
Xx=4 p=12
= sinA:E; cosA=£;tanA=§
5 5 4
sinB:i; cosBzg;tanBzi
13 13 12
sin(A + B) = sinA cosB + cosA sinB
3 12 4 5
= —X— 4 —X—
5 13 5 13
36 20
= — 4+ —
65 65
_ 56
65

(b) cos(A + B) = cosA cosB — sinA sinB
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4,12 .35
5 13 5 13
_ 48 15
" 65 65
33
65

1
tan(A+ B)
tanA+tanB
1-tan AtanB
1-tan AtanB
tan A+tanB
_1-0x5

(c) cot(A+B)=
tan(A + B) =

= cot(A+B) =

345
a1

Example 111

If sinA = g , cosB = %,Where A is obtuse and B is acute,

find the values of:
(a) sin(A-B)
(b) tan(A-B)
(c) tan(A +B)

Solutions
A A
4 5 1 5
A R B R
X i p "
X2 + 4% = 5?2 p?+122=13?2
x>+ 16 =25 p? + 144 = 169
x2=9 p? =25
X=3 p=5
A is obtuse
. 4 -3
=SINA=—; COSA= —; tanA= —
5 5
B is acute
= sinB= —; cosBzg; tanB=i
13 13 12

Sin(A — B) = sinA cosB — cosA sinB

4 12 -3 5
= X — — —— X —
5 13 5 13
48 15
:_+_
65 65
_ 8
65
(b) tan(A—B) = tan A—tanB
1+tan Atan B
4 _ 5
- _ 3 12
1+%4><%
T 83
% 16
(¢) tan(A + B) = tan A+tan B
1-tan AtanB
3+
~3%1
-1
— _12
1+2
_xm _~38
2 56

Example 111
3 12
If cosA = E and tanB = T : where A and B are reflex

angles. Find the values of:
(a) sin(A-B)
(b) tan(A-B)
(c) cos(A+B)

Solutions

oo
v
(6]

A and B are reflex

:cosA=§; sinAz_—4; tanAz_—4
5 5 3

cos B = _—5, sinB = _—12; tanB=E
13 5

(a) sin(A—B)=sin AcosB—-cosAsinB
-4, 3,712

5 13 5 13

v v

v
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20 36
= —+—
65 65
_ 56
65
(b) tan(A - B) = tan A—tan B
1+tan Atan B
-4 _ 12
— 3 5
1+’4><%
_ s _56
- 33

(c) cos(A + B)=cos A cos B-sin AsinB

3 5 -4 -12
=—X———X —

5 13 5 13
_-15_48

65 65
_ 63

65

Example IV

From the following, find the values of tan x
(@) sin(x + 45°) = 2cos(x + 45°)
(b) 2sin(x — 45°) = cos(x + 45°)
(c) tan(x—A)= 2, wheretan A=2

(d) sin(x + 30°) = cos(x + 30°)

Solution
(@) sin(x + 45°) = 2cos(x + 45°)

sinx cos45°+cosx sin45° = 2(cosx cos45°—sinx sin45°)

. 1 1
SiNX-—=+COSX- =2(cosx- —=sinx)

T A
E. B

~Zsin x+——cosx = 2(:Z cos x — Zsin x)
2
%sinx+%cosx=«/§cosx—\/§sinx

(§+\/§)sinx:\/§cosx—gcosx
a2 V2

——sin X =——C0S X
2 2

3sin x = cos X
3sinx  cosX

COSX  COSX
3tanx=1

tan x = E
3

(b) 2sin(x —45°) = cos(x + 45°)

2(sinx cos45 — cosxsin45) = cosx cos45 — sinxsin45

2(sin x(@)—cos x(g) = CO0S x(@)—sin x(@))
V2 sinx — /2 cos x = £ cos x — % sin x
V2 sinx+ % sinx = +/2 cos x + 2 cos x

32 gin x = 22 cos x
tanx=1

(c) tan(x-A)= g,tanA=2

tanx—tanA 3

1+ tan xtanA_E
tanx-2 3

l+2tanx 2

2(tan x — 2) = 3(1 + 2tan x)
2tan X — 4 = 3 + 6tan X

4dtan x = -7

tanx = —
4

(d) sin(x + 30) = cos(x + 30)

sin x cos 30 + cos x sin 30 = cos x cos 30 — sin x sin 30

WBsinx+ Lcosx= v¥3cosx— Lsinx

2 2 2 2
WBsinx+ Lsinx= ¥8cosx— 1cosx
2 2 2 2

sin x (¥3+1) = cos x(¥3-1)
2 2

sinx &1
cosx B
tan x = \/_ !
l+\/_
any = (3-D0-+3)
 (f3+D)a-+B)
tan x = V3-3-1+43
-2
tanx=2- /3
Example V

Solve the following equations for 0° < < 360°
(a) 2sin x =cos(x + 60°)
(b) cos(x + 45°) = cos x

(c) sin(x—30°) = % COS X
(d) 3sin(x + 10°) = 4cos(x — 10°)
Solutions

(&) 2sin x = cos(x + 60°)
2sin X = cos X cos 60° — sin X sin 60°
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(b)

2sin x = 1cos x — V3 sin x

2 2
2sin x + ¥3sinx = 1 cos x
2 2
(4 + /3) sin x = cos x
tan x = L
4+\/§
X =9.9° 189.9°

cos(x + 45°) = cos X
COS X €0S 45° —sin X sin 45° = cos X

V2 cos x — ¥2sin x = cos x
2 2

32 605 X +C0S X + C0S X = Zsin x
(2 +1)cos x = Zsin x
(42:2) cos x = Y2sin x

2

J2+2  sinx
J2 cosx

ﬁ+2=tanx
J2

X =67.5° 247.5°

(c) sin(x +30) = %cos X

(d)

sin x cos 30 — cos x sin 30 = %cosx

V3sinx- Lcosx = Lcosx
2 2 2

ﬁsin X = COS X
2

sinx _ 2

cosx +f3
2

tanx= —
V3

X =49.1°, 229.1°

2sin(x + 10°) = 4cos(x — 10°)

2(sin x cos10 — cosx sinl10)
= 4(cosx cos10° + sinx sin 10°)

2sinxc0s10—2cos x sin10=4cos x cos10+4sinxsin10

2sin x cos 10 — 4sin x sin 10
=4cos x cos 10 + 2cos x sin 10
sin x(2cos 10 — 4sin 10) = cos x(4cos 10 + 2 sin10)
sinx _ 4co0s10+2sin10
cosx 2cosl0—4sin10
_ 4c0s10+2sin10

 2c0s10 — 4sin10
X =73.4°, x = 253.4°

tan x

Example VI
If tan(x + 45°) = 2, find the value of tan x
Solution
tan(x + 45°) =2.
tan x + tan 45°

1-—tan xtan 45°

tanx +1 _,

1-tanx
tanx+1=2(1-tan x)
tanx +1 =2 — 2tan x

tanx =1
tanx = 1
3
Example VII

If tan(A +B) = % and tan A = 3, find the value of tan B.

tan(A + B) = %

tan A+tan B _1
l1-tan AtanB 7

tanA=3
3+tanB 1
1-3tanB 7

7(3+tanB)=1-3tan B
21+ 7tanB=1-3tan B
10tan B = -20

tanB =-2

Example VIII
Express the following as single trigonometric ratios.

1 .
@ Ecosx— ?sm X

J3 +tan x
1—J§tanx

(©) isin X+ icos X
J2 J2
1
c0s24c0s15—sin24sinl5

(e %cos 75+ ?sin 75

(b)

(d)

1-tanl5

H ——
M 1+tan15

Solutions

(@) lcosxf ﬁsin X
2 2

= c0s60 cos x — sin 60 sin x
cos(60 + x)
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= %cosx— ?sinxzcos(60+x)

J3 +tanx
1-/3tanx
_ tan60+tanx

1o tan 60 tan X
= tan(60 + x)

(b)

(©) isin X+ icos X
J2 J2

= c0s45 sin x + sin45 cos X
=c0s(45 — x)

1

€0s24co0s15—sin 24sin15
1

" cos(24+15)
1

- co0s39
=sec 39°

(d)

e %cos 75+ ?sin 75

cos 60° cos 75° + sin 60° sin 75°
cos 75° cos 60° + sin 75° sin 60°
cos(75° — 60°)

cos 15°

1-tanl5 _ tan45-tanl5

1+tanl5 1+tan45tanl5
=tan(45 - 15)
=tan(30)

(f)

Example IX
Prove the following identities:
(i) sin(A +B) +sin(A-B)=2sin Acos B
(ii) cos(A + B) —cos(A-B) =-2sin Asin B
sin(A+ B)

(iiiytan A+tan B =
cos AcosB

(ivitan(A+B + C) = tan A+tan B +tanC —tan AtanBtanC
1-tanBtanC —tan AtanC —tan Atan B

Hence prove that if A, B, and C are angles of a triangle,
thentan A+tanB+tanC=tan AtanBtan C

Solution

sin (A + B) +sin(A—B)
sin A cos B + cos A sin B + sin A cosB — cosA sinB
=2sin Acos B
= sin(A + B) + sin(A — B) = 2sin A cos B

(i) cos(A + B) — cos(A — B)
cos A cos B —sin A sin B — (cos A cos B + sin A sin B)
=-2sin Asin B
= cos(A + B) — cos(A —B) =-2sin Asin B

(ili)) tanA+tanB
_ sinA . sinB
cosA cosB
sin AcosB + cos Asin B
cos AcosB
sin(A+ B)

cos AcosB

sin(A+B)
cos AcosB

= tanA+tanB =

(iv) tan(A+B+C)
LetB+C=D
tan(A + D) = tan A+tan D
1-tan AtanD
_ fanA+ tan(B+C)
1-tan Atan(B +C)

tanB+tanC
tan A + 1-tanBtanC

- _ tan B+tanC
1 tan A(l—tan BtanC

tan A—tan AtanBtanC+tanB+tanC
1-tanBtanC

= l-tanBtanC—tan Atan B—tan A+tanC
1-tanBtanC

_tanA+tanB +tanC —tan AtanBtanC
1-tanBtanC —tan AtanC —tan Atan B

Since A, B, and C are angles of a triangle, then
A+ B+ C=180°

tan(A + B + C) = tan 180°

tan(A+B+C)=0

- tan A+tan B +tanC —tan Atan BtanC 0
1-tanBtanC —tan AtanC —tan Atan B
tanA+tanB+tanC-tanAtanBtanC =0
tan A +tan B + tan C =tan A tan B tan C.

Example (UNEB Question)
Without using tables or calculator, evaluate tan 15°
Solution
tan 15° = tan(45° — 30°)
_ tan45-tan30
1+tan45tan 30

1

'_\
=

b

&
L

P~
+
H
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_ ((B-D@a-B)
(V3 +1)@A-+3)
_ J3-3-1+3

16\3+4x32 +42 +23

10

183+1642

-2

Example

The acute angles A and B are such that cosA =%, sin B =
1/3. Show without the use of tables or calculator, show that

tan(A+ B) :M

Solution
C

NG

1-3

2\/5—4:2_\/§

(UNEB Question)

N
o)
N

~

tanB =

From compound angle formula,

tan(A+B) =

tanA+tanB
1-tan AtanB

1-(3x82)
4\/§+«ﬁ
4

4—\E>< 2

kﬂ

_ABV2 4
4 4-6
(152

(1024 )

(4= B[ 6]
1643 + 4418 + 442 + 12

16-6

10

:9J§+8J§

5

Double angle & Triple angle formulae

By writing A = B in the additional formulae for sine,
cosine, and tangent, we obtain the double angle formula

for each of them.

sin(A + B) =sin A cos B + cos A cos B

= sin 2A =sin(A + A)
=sin Acos A+
=2sin Acos A

cos Asin A

| sin2A=2sinAcosA |

cos(A + B) = cos A cos B —sin Asin B
cos(A + A)=cos A cos A—sin Asin A
= c0s?A — sinA

But cos?A =1 —sin?A
=¢0S 2A =1 —sin?A —sin’A
=1-2sin’A
But when sin’A = 1 — cos?A
c0s?A = c0s?A — sin’A

= c0s?A — (1 — cos?A)
=2c0s?A -1

cos °A = 2c0s’A -1 OR
cos 2A =1 — 2sin’A

tanA+tanB

tan(A+B) =

1-tan AtanB

; where A=B

tan A+tan A

tan(A+ A) =

1

1-tan Atan A

2tan A

—tan’ A

2tan A

tan2A =

sin 3A =sin(A + 2A)

1-tan® A

=sin A cos 2A + cos A sin 2A
=sin A(1 - 2sin?A) + cos A(2sin A cos A)

=sin A—2sin®A +
=sin A—2sinA +
=sin A—2sinA +
=3sin A—4sin® A

2C0S%A sinA
2(1 —sin?A)sin A
2sin A — 2sincA
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| sin 3A =3sin A—4sin’A |

cos 3A = cos(2A + A)

= c0s2A cos A —sin 2A sin A

= (2c0s%A — 1)cos A — (2sin A cos A)sin A

= 2c0s%A — cos A — 2sin?A cosA
= 2¢0s°A — cos A — 2(1 — cos?A)cosA
= 2c0s°A — cos A — 2cos A + 2cos®A

= 4cos®A — 3cos A
= c0s 3A = 4c0s°A — 3cos A

tan 3A =tan(A + 2A)
_ tanA+tan2A
1-tan Atan2A
tan A+ 2@nA

— 1-tan? A

- 1-tan A(M)

1-tan? A

2tan A
— tan A+ 1-tan® A

" 1-tan A(M)

1-tan? A

tan A—tan® A+2tan A
1-tan® A
=  1-tan’ A-2tan’A
1-tan® A

3tan A—tan® A
1-3tan’ A

3tan A—tan® A
1-3tan’* A

=tan3A=

Example I

Simplify the following expressions
(i) 2sin17cos 17

(ii) 2tan 30°

1-tan®30°

(iii) 2cos?42 -1

(iv) 2sini@cos:é

(v) 1-2sin?22%°

1
(vi) 2tan 2249
1-tan® ¢
(vii) 1-2sin?360
_ 2
(viii) 1-tan°20
tan 20

(ix) sec @cosec 4
(x)  2sin 2A cos 2A

Solutions
(1) sin2(17°) = 2sin 17° cos 17°
sin 34° = 2sin 17° cos 17°
= 2sin 17 cos 17 =sin 34

tan 30° + tan 30°

(ii) tan(30° + 30°) =

1-tan30°tan 30°

2tan 30°
1-tan®30°

2tan 30°
1—tan®30°

tan 60° =

= tan 60°

(iii) 2cos?42° -1
cos 20 = 2c0s’6— 1
COS 2(42°) = 2c0s?42° — 1
cos 84° = 2c0s%42° — 1
2c0s°42° — 1 = cos 84°

(iv) 2sin: @cosi @
sin 28 = 2sin gcos 8

sin2(30) = 2sin 36cos30

sin © = 2sin$ 6 cos 36
=sin #=2sin;6cos 30
2sin@cos36 =sin @

(V) 1-2sin?22%°
cos 2A =1 — 2sin’A
cos 2(22%5) = 1 — 2sin?22%
cos 45 = 1 — 2sin? 22Y%
1 — 2sin? 22Y% = cos 45

2tan;6  tanj;O+tan;0

(vi) =
1-2tan" ;60 1-tanj@tan; 0
=tan(30+36+)
=tan ¢

(vii) 1—2sin?g

cos2(36) =1 - 2sin? 38
cos 68=1-2sin?34
1 - 2sin®38=cos 66

... 1-tan?20
(viil) ————
tan 20
tan 40 = tan(20 + 20)
_ 2tan20
1-tan®20
1 1-tan®20
tan 40 2tan 20
2 1-tan’20
tan 40 tan 20
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1-tan?20
tan 20

2cot40 =

1—tan®20
tan 20

=2cot40

1
X -
cosfd sind
1

B cos@sin@
But sin 20 = 2singcosé

(ix) secécosecd =

%sin 20=sin 06 cos O

secHcosecld = —
3sin26

sec@cosecld =

sin20
sec@cosecd = 2cosec 26

(x) 2sin 2A cos 2A
sin 4A = sin2(2A)
= 2sin 2A cos2A
= 2sin 2A cos 2A = sin 4A

Example 11

Evaluate the following without using tables or calculator:

(@) 2sin 15° cos 15°
(b) 2cos?75° -1
(c) cos?22Y%° - sin?22 ¥5°
1-2cos® 25
@) ——5=
1-2sin“ 65
1
©) 2tan 222 :
1-tan® 223
(f) 1-2sin’674

Solution
(a) 2sin 15° cos 15° =sin 2(15°)
=sin 30°
1
C 2
(b) 2c0s?75° —1 = cos 150°
= -cos 30°
_B

2

(c) cos? 22Y5° - sin?22 ¥&°
=C0s(223°+223°)
=cos 45

_\2
2

1-2cos’25 —1(2cos® 25-1)

d =
(@) 1-2sin’65  1-2sin’65
_ —1(cos50°)
c0s130°
_ —1(cos50°) 1
—€0s50°
2tan 223
2225 ian(221e 42240
(e) 1-tan®221
tan45°=1
1
2225 iangse-1
1-tan®22}

(f) 1-2sin®671=cos 135°
= -cos 45°
I,

2

Example 111

Solve the following equations from 0 < § < 360°
(@) cos20+cosf@+1=0

(b) sin 20 cos @+ sin?@=1

(c) 2sin 0(5cos 20 + 1) = 3 sin 20

(d) 3cot206+coto=1

(e) 4tan ftan26=1

Solution
(@) cos20+cosf@+1=0

2c0s’ @ —1+c0osf@+1=0

2c0s* @ +c0sf =0
cos@(2cosf+1) =0

cosd =0, cosez%l
For cos@ =0, 8 =90°, 270°
For cos@ = _?1 0 =120°, 240°

= The solutions to the equation

cos 20+ cos 8+ 1 =0 are 90°, 120°, 240° and 270°.

(b) sin 20 cos @+ sin’@=1
(2sin@cosd)cosd +sin® 6 =1

2cos’ dsinf +sin’ 0 =1
2(1-sin® @)sin @ +sin’ =1
2sin@—2sin*@ +sin’ 0 =1
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2sin® @ —sin* 0 —2sin@+1=0 8tan’ 0 1

sinf=1, sinf=-1 1-tan’o
N 8tan® @ =1—tan’6
sing==

2 9tan’ 6 =1

For sin@=1, 8=90°
For sin@=-1, 8= 270°

. 1 o o
For SIHHZE, 0 = 30°, 150 When tanH:% ,0=18.4°198.4°

= 30°, 90°, 150°, 270° are the solutions to the
equation sin 26 cos @+ sin’d=1

tanH:i1
3

When tan @ = _?1 , 0= 161.6° 341.6°

(c) 2sin 6(5cos 260 + 1) =3 sin 26
2sind[5(2cos® @ —1) +1] =3-2sin Hcos &

2sin9(10cos? 6 —5+1) =6sin Hcosf t-formula
20cos’ @sin @ —8sin§ = 6sin @cosé Ift=tan%,
20cos? @sin @ —8sin & —6sin#cosd =0 . 1-t?

, ) sinx=—, COSX ="
2sing[10cos” # —3cosd—-4]=0 1+t 1+t

1 And if t=tan x
sin@=0, cosd=0.8, cosd=— _ ot 1—t2
For sin #=0, #= 0°, 180°, 360° 1+t 1+t
For cos = _?1 £=120°, 240° Proof
For cos &= 0.8, #= 36.9°, 323.1° Ift=tan3,
sinx =sin(%+1%)
=0, 36.9, 120, 180, 240, 323.1, 360 are the i x X X ain X
=sin%cos +cossin

solutions to the equation

2sin 6(5cos 260 + 1) = 3 sin 20 =2sin;cos3

_ 2sin%cos 3

(d) 3cot28+cot §=1 sinx 1
3 +L:1 Sinx — 2sin3cos;
tan 26 taznte , Sin2§+COSZ§
tan 29:% Dividing through by cos? %
1-tan“ @ 2
Gl-tan’e) 1 2sin cos;
2tand | tan@ cos’ %
3-3tan?f+2=2tano sinx= sin’y | cos’}
2 2
3tan20+2tand-5=0 cos"; o3
-5 . 2tan}
tangd =1, tanf =— SINX=————
3 tan® 5 +1
For tand = 1, 0 = 45°, 225° 2t
Fortand= —, 0= 121°, 301°, 1+t°
3 . 2t
sinx =——
1+t

(e) 4tan ftan 26=1

4tan H(Zta—nszl
l1-tan* 6
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COSX =C0S(3 +3)

=cos’ £ —sin

Dividing through by cos®

cosz% sinz%
cosz%_cosz%
COS X =— T Ty
sin“% cos“%
cos% cosz%
1-tan®%
COSX =—
tan®$ +1
1-t?
COSX = 5
1+t
For t =tan x
. 25sin Xcos X
SiN2X = ——
2sin Xcos X

Note: The t-formula is used to solve equations of the form

sin? X + cos? x

Dividing through by cos’ x

2sin xcosx

. 2
cos® x
sin2x = —
sinx | cos?x
s T
cos?x  cos®x

2tan x

C0s2X =2c0s° X —1

2
- 1
sec? x
_ 2-sec’ X
sec? x

_2—(1+tan*x)

sec? x

1—tan®x
1+tan®x
2

c032x=—2
1+t

COS2X =

acos@+bsin@=c

Example I

Solve the following equations for 0 < 6 < 360°
(@ 2cos@+3sind—-2=0
(b) 3cos@—-4sinf+1=0
(¢) 3cos@+4sing=2
(d) 4cosdsind+15c0s20 =10

Solution
(@ 2cosf@+3sind=2

2

- . 2
cosH:l—tz, smez—tz,for t=tan%
1+t 1+t

_ 2
2 L t2 +3( 2t2j=2
1+t 1+t

21 -13) +3(2) =2(1 + B}
2-2t2+6t=2+ 2t

42 -6t=0

2t(2t—3)=0

t=0

=tan£ =0 and tan§:§
2

For tan¢=0, gz tan*(0)

g - 0°, 180°, ...
2
6=0, 360.

For tan§=§, gz 56.3°
2 2

6=112.6°

= 0°, 112.6°, and 360° are solutions to the equation

2c0s@+3sin@—-2=0

(b) 3cos@—4sinfd+1=0

_ 2
3 L tz —4[ 2t2j+1=0
1+t 1+t

3-3t?-8t+1+1t2=0

22 -8t+4=0

t?+4t-2=0

(A —4x1x(2)
2x1

_4x16+8

2
t=—2+6
tan%=-2-+/6
tan%=-2++/6
Fort= —2—+/6, tant=-2-/6

§= 102.7, 282.7

6=205.4°
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Whent= tan4=-2++/6
gz tan’(-2 + \/6)
Q: 24.2°

2

6=48.4°
= 6= 48.4° and 205.4° are the solutions to the equation

(c) 3cos@+4sind=2

_ 2
3 L tz +4( 2t2j:2
1+t 1+t
3-3t2+8t=2(1+1)
3-3t2+8t=2+2t2
5t2—-8t—1=0
t:8i\/(—8)2—4><5><(—1)
2x5

 8++/64+20

10

8B4
10

t=-0.11652

t=1.71652

t

Fort=-0.11652, tan4 =-0.11652

9 - 1734 = 6=346.7°

2
0
tan 5 =1.71652

0

3 =59.8° =6=119.6°

= 119.6° and 346.7° are solutions to the above equation.

(d) 4cos 8sin @+ 15 cos26 =10
2 x 2sin@ cos @ + 15co0s 20 = 10
2sin 20 + 15co0s 20 = 10
2sin 20 + 15c0s 20=0
Lett=tan @

2

and cos@ = >
1+t

_t2
z(izjﬂs 17t 10
1+t 1+t
4t + 15— 15t = 10 + 102
25t —4t—5=0
t:4i\/(—4)2—4><25><(—5)
2% 25

sing = th
1+t

t=0.5343
t=-0.3743

Fort=0.5343
tan 8=0.5343
0=28.1°
0 =208.1°

For t =-0.3743, tan 8=-0.3743
6=tan}(0.3743)
6=159.5°, 200.5°

= 28.1°, 208.1°, 159.5° and 200.5° are the solutions

to the above equation

The R- Formula

The R-formula is used to solve equations of the form

acosd+bsingd=c.
Rcos(@ta)=c

Rsin(@+a)=c

Where R = v/a? +b? and « = tan’l(%)

Example I
Solve the equation 3coséd + 4sind=2 for 0 < 6 < 360°
Solution

Rcos(@—a)=2

R(cos@cosa +sindsina) =2

Rcos@cosa +Rsin@sinag =2
By comparison
Rcos@cosa =3cosé

Rsin@sina =4sin @
=RCOSA=3 ..,
Rsina=4 .....ccoeiiiiiiiiiii.

Eqn (ii) + Eqgn (1);

4
=tana =—
3

a=tan? (ﬂ)
3

a=53.1°
R?cos’ a+R?sin*a =3° +4°
R?(cos® ar +sin® ) = 25
R=5
Rcos(@—a) =2
5co0s(6—53.1)=2

6 -53.1=cos™ [éj

0 —53.1° = 66.4°, 293.6°
0 —119.5°, 346.7°

Alternatively
3cos O +4sing=2
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Rcos(0—a) =2 Example IV

R=+/aZ+b? Solve: 5sind— 12cosf= 6
Solution

=, /(3)2 +42 Rsin(0—a) =6

-5 R=/5?+12? =13
a=tan” (EJ a =tanl(Ej

a 5

—ant 3 o =67.4°
o =tan (3) 13sin(0—- 67.4) = 6
a=531 sin(6—67.4) = >
5cos(B - 53.1) =2 13

60— 67.4° = 27.5°, 152.5°

o _ 2
cos(f—53.1°) = = 6=94.9° 219.9°

6—53.1° = 66.4°, 293.6°

_ o o Example V
§=119.5% 3467 Solve EosH+ sin@=secdfor 0 < 4 < 360°
Example 11 Solution
sin @+ /3cos@=1for0 < < 360 COSO+sin@=—1
Solution cosd
Rsin(0+a) =1 COS* @ +SINOCOSH =1, (i)

But cos 26 = 2c0s%6 — 1
R=y°+(/3)° =2

1
= c0s’ = = (1+ cos 26)
a=tan™ (?] =60° 2

Rsin(6+a)=1 1
2sin(6+60°) =1 siné cos 6 =Esin29

sin(6+ 60°) = %

6 +60° =sin(%2)
6 +60° =30, 150°

Subsituting for cos?0 and sin 8 cos 8 in Eqn (i);
sin 20 = 2siné cosd

%(1+ c0s 20) +%sin 20=1

lc0526?+lsin 249:1
2 2 2

6 =-30, 90°
= 0 =90°, and 330°. cos28+sin26=1
Rcos(260—-a) =1
Example 111 o
cos O —7sin §=2 for 0° <0 < 360° R=+1 +11—\/§
Solution _ e tanl(—j _ 450
cos@—7sing=2 1

Rcos(@+a) =2 J2cos(260 —45°) =1

R=1* +(-7)° =+/50 1

cos(26 —45°) = —

aztanl(%j = a=81.9° \/El
20 —45°=cos* [—j

50 cos(6 +81.9°) =2 J2

0+81.9° < 2 20 —45° = 45°, 315°, 405°
COS( +ol. )—_\/% 6= 45°,180°, 225°
6+ 81.9°=73.6° 286.4°
0 =-8.3°, 204.5° Example VI
— 0 =2045° 351.7° Solve the equation 4cosésing+ 15cos 26 = 10

Solution
4c0s6 sind + 15cos 26 = 10
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2(2siné cosé) + 15co0s26 = 10
2sin26 +15c0s260 = 10
Rsin(26+ a) =10
R=+/2%+15°

=4/229
\229sin(26+ @) = 10

a=tan™ (%J =82.4°

J229s5in(26+ 82.4°) = 10

Sin(26+ 82.4°) = —0_

\229

26 + 82.4° = sint| —2 J
(&
260 +82.4° = 41.4°, 138.6°, 401.4°, 498.4°
6 =339.5° 28.1°, 159.5°, 208°

Example VII
Show that 3cosf + 2siné can be written as 13 cos(6 — o).
Hence find the minimum and maximum values of the
function, giving the corresponding values of 6 from -180°
to 180°
Solution

3cos6 + 2sind

Rcos(0 — a)

R =+a%+b?

R=+/37+2? =13

a =tan‘1(gj =33.7°
3

= 3cos0 + 2sinb = R cos(0 — o)
=+/13cos(d —33.7)

Lety = J1_3005(9 -33.7)
For the maximum value of y, cos(6—33.7) =1

= Vo = V13

And for minimum value of y, cos(¢-33.7)= -1

= Yin = _'\/E

For ymax cos(6 — 33.7°) = 1,

=0-33.7° = cos*(1)
0 —-33.7° =0, 360°.
0=33.7°

For ymin cos(8 —33.7°) =-1,
0 —33.7° = 180°.
0=213.7°

Example VII
Find the maximum and minimum values of the following
expressions, stating the value of 8 for which they occur

(from 0° to 360°)

(a)
(b)
()
(d)

8cosd — 15sind
4sin@ — 3cosH
sind — 6¢osé
cos(6 + 60) — cosd

Solution
(&) 8cosd — 15sind

(b)

(©)

R cos(0 — )
R=+8" +15° =17

15

a=tan™ (—j =61.9°
8

17cos(6 —61.9°)
Lety=17cos(6—61.9°)

FOr Ymax, COS(@ - 61.90) =1
= VYmax = 17

0 —61.9° =cos™(1)
0—-61.9°=0, 360°
6=61.9°

For Ymin, C0S(6—61.9) =-1
= Ymin = -17

0 —61.9° = cos(-1)
6—-61.9°=180°
6 =241.9°

4sin@ — 3coso

R=44*+3* =5

R sin(f- a)

5sin(8- a)

a =tan1(§j =36.9°
4

5 sin(6- 36.9°)
Lety =5 sin(8- 36.9°)

Ymin = -5

Ymax = 5

For Ymin, sin(8—36.9°) =-1
6—36.9° = 270°
6=306.9°

For Ymax, Sin(H— 36.90) =1
6—36.9° =90°
6=126.9°

sin@ — 6¢o0s@

R=\1+(-6)’ =37

J37 sin(6- a)

a=tan™ (Ej =80.5°
1
y = /37 sin(6- 80.1)
Ymax = /37 and it occurs when sin(6—80.1) = 1
6-80.1° = 90°
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8=170.5°
Ymin = —/37 and it occurs when

sin(6—80.1) =-1

6-80.1° = 270°
6=350.5°

(d) cos(@ + 60) — cos@
= cos@cos 60 —sindsin60 — cosé

= 1cosd - sind\3 — cosd
2 2

-1 J3

= —c0sfd ——sind
2 2

y=— lcos6?+£sim9
2 2

y = —[Rcos(6—a)]

-7
y = —[cos(6—a)]
o =tan™({/3)=60°

y = -[cos(&— 60)]
Ymin OCCUrs When cos(6—60) = 1
6—60° =0, 360
6=160°
ymax = 1 and occurs when cos(&- 60°) = -1
60— 60° = cos(-1)
6 =240°

Example VIII (UNEB Question)
Solve cos@ ++/3sin@=2 for0 <0< 7
Solution

cos6 ++/3sind =2
R cos(f—a) =2
R=41’ +(3)° =2
2cos(f—a)=2
o= tan’l(@) =60°
2 cos(f —60°) =2
cos(f—60°) =1
0 —60° = cos™(1)

6—-60°=0
6 =60°
="
Since 180 = Tt radians, = @ _60z _7
180 3

Example IX  (UNEB Question)

(a) Express 4cosé — 5sind in the form R cos (6 + B), where R
is a constant and § an acute angle.
Determine the maximum value of the expression and
the value of @ for which it occurs
(b)Solve the equation 4 cos § — 5 sin 6 = 2.2,
for 0° < 6 <360°.
Solution

4cos6 — 5sind
Rcos(0 + B)
p=tan™(3)=51.3°

R=4 +5 =41
J41 cos(6+51.3°)
Lety = /41 cos(8+ 51.3°)
ymax = ~/41and it occurs when cos(6+ 51.3°) = 1
6+51.3°=0
f=-51.3°
— §=308.7° (0° < 0 <360°)
4cosf — 5sinf = 2.2
— J41cos(6 +51.3°) = 2.2
cos(@+51.3°) = 22
Ja1
f+51.3°=69.9°, 290.1°
6=18.6° 238.8°

Example XI  (UNEB Question)
Express y = 8cosx + 6sin x in the form R cos (x — « )
where R is positive and « is acute . Hence find the

1

8cosx +6sin x+15

maximum and minimum values of

Solution
8cosx + 6sin X = Rcos(X — a)
8cosx + 6sin x = R cos x cos a + R sin x sin «

By comparison
RCOS =8 ..o (1)
RSINGA=6......ccevvvniiiieeiecnneenenn. (i)

Eqn (i) + Eqgn (ii)?;
R?=8%+62=100
R=10

Eqn (ii) + Eqgn (i)

tana:§
8

a =36.87°
Hence 8cosx + 6sinx = 10cos(x — 36.87°)
1 1

Now - =
8cosx+6sinx+5 10cos(x—36.87)+15
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Note: For y to be maximum, the denominator must be
minimum and for y to be minimum, the
denominator must be maximum.

1
Let m=
10cos(x —36.87) +15

1
My =———
™ 10x(-1)+15
1 1
= ===0.
-10+15 5
1

T10x1+15

1
== =0.04
25

min

1

The maximum and minimum values of -
8cosx +(sinx +15)

are 0.2 and 0.04 respectively.

Factor Formula

1. sin P +sin Q = 2sin(%:2) cos(22

2. sin P —sin Q = 2cos(552)sin(52)

3. cos P +cos Q = 2cos(552) cos(52

4. cos P —cos Q = - 2sin(532)sin(52

Application of the factor formula
Example 1

Express the following in factors:
(@) sin 76 + sin 50

(b) sin 4x —sin 2x

(c) cos 7x + cos 5x

(d) cos 3A —cos 5A

(e) sin(x + 30) + sin(x — 30)

(f) cos(x + 30) — cos(x — 30)

(9) cos £x—cos &

(h) % + cos 26

(i) 1+sin2x

() Sin 2(x + 40) + sin 2(x — 40)

Solution

(@) sin 76 +sin 56
From sin P + sin Q = 2sin (5% )cos (52)
sin 70 + sin 50 = 2sin ({42¢)cos 1232

=2sin64cos 4
(b) sin 4x —sin 2x

P+Q

- - - - P,Q
From sin P —sin Q = 2cos —~ sin —~

Sin 4x —sin 2x = 2c08s #X52% sin &2

sin 4x — sin 2x = 2¢0s 3x sin X
(c) cos 7x + cos 5x

_ p P
From cos P + cos Q = 2cos (52) cos (52)
= Cos 7x + c0s 5x = 2¢0s (Z42) cos (X52)
= 2C0s 6X CO0S X

(d) cos 3A —cos 5A
From cos P — cos Q = -2sin 2 sin =2
cos 3A — cos 5A = -2 sin (3A154) sin (3454)
=-2sin 4A sin (FA)
=2sin4Asin A
(e) sin(x + 30) + sin(x — 30)
= 2sin (Lo30030)) (6 (30)-(-30)
2 2
=-2sinx cos 30
(f) cos(x + 30) — cos(x — 30)
= 2sin (B0 gjp ((30)-(x-30))
2 2

= 2sinx sin30
33X 4 X 33X _ X
(9) cos(¥) -cos £ = —Zsin(szsz sin ( 2 > zj

= 2sin x sin 3

(h) % +cos 260

cos 60 + cos 28
- 2COS 60;26’ coS 60;29
=2c0s(30 + ) cos(30 - )
(i) 1+sin2x
sin 90 + sin 2x
2sin 252X cos 22
= 2sin(45 + x)cos(45 — x)
(j) sin2(x + 40) + sin2(x — 40)

= 2sin 2(x+40);2(x—40) oS 2(x+40);2(x—40)

= 2sin 2x cos 80

Example 11

Solve the following equations from x = 0° to 360°
inclusive.

(@) cosx+cos5x=0

(b) sin3x—sinx=0

(c) sin(x+10)+sinx=0

(d) cos(2x +10) + cos(2x —10) =0

(e) cos(x +20) —cos(x—70)=0

Solution

(&) cosx+cosbx=0
2008 +2X cos X% =
2c0s 3x cos—2x =0
2c0s 3x cos 2x =0
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cos 3xcos 2x=0
= cos2x=00R
cos3x=0
For cos 2x = 0;
2x = cos~1(0)

2x =90°, 270°, 450°, 630°, 810°

= X =45° 135°, 225°, 315°.
For cos 3x=0;
3x = cos—1(0)

3x =90°, 270°, 450°, 630°, 810°, 990°, 1170°

x =30°, 90°, 150°, 210°, 270°, 330°.
. The solutions to the equation cosx + cos 5x = 0
are 30°, 45°, 90°, 135°, 150°, 210°, 225°, 270°,

315°, 330°.

(b) sin 3x —sinx=0
2c0s &x sin XX =0
2c0s2x sinx =0
cos2x sinx =0

= 2x = cos—(0)

2x =90°, 270°, 450°, 630°, 810°, 990°
=X =45°, 135°, 225°, 315°

And for sinx =0;
x = sin-1(0)
x =0, 180°, 360°

= The solutions to the equation sin 3x —sinx =0

are 0, 45, 135, 180, 225, 315, 360.

(c) sin(x+10)+sinx=0

2sin (&) cos (X42X) =0

2sin(x + 5) (cos 5) =0

sin(x+5)=0

X + 5 =sin-10)

x+5=0, 180°, 360°

x = 355°, 175°.

= x = 175°, 335° are solutions to the equation

sin(x + 10) +sinx=0

(d) cos(2x + 10) + cos(2x —10) =0

2 COS((2x+10);(2x710)) COS((ZXHO);(ZHO))

2c0s 2x cos10=0
cos2x=0

2x = cos—1(0)

2x = 90°, 270°, 450°, 630°.
X = 45°, 135°, 225°, 315°

= The solutions to the equation cos(2x + 20) +
cos(2x —10) = 0 are x = 45°, 135°, 225° and 315°

(F) cos(x +20)—cos(x—70)=0

—25in (x+20)42-(x—70) Sin (x+20);(x—70) — 0

—2sin(x —25)sin45=0
sin(x—25) =0

X — 25 = sin-1(0)
x—25=0, 180°, 360°
X = 25, 205°, 385°

Example 11
Prove the following identities:
B
(a) S5BHCOSC _iec
sinB-sinC
(b) CF)sB—c_osC _ n%
sinB+sinC
sinB —sinC
() SD=SM™ _ oot ese tan 25c
sinB+sinC
sinB+sinC
(d) —————==tan®e
cosB +cosC
Solution
cosB +cosC
@ ———
sinB-sinC
_ 2cos(®3°) cos(®5”
2cos(8:¢)sin(%?)
_cos®e
sin 8¢
= cot(5%)
cosB-cosC
b) ——
sinB+sinC
_=2sin B:Csin BC
2sin B3¢ cos B¢
_ —sin B¢
cos B¢
=—tan(%%)
cosB —-cosC
——— =—tan(%°)
sinB+sinC
sinB-sinC
sinB+sinC
sinB —sinC _ 2c0s(B5%)sin(&F)
sinB+sinC  2sin(&%)cos(&%)
_oos(®2) _sin(%°)
sin(®;°) ~ cos(®;°)
= cot(&%) tan(85%)
sinB +sinC
cosB +cosC

_ 2sin BC cos B3¢
2c0s2:C cos B5C
— B-C
=tan &%
sinB+sinC
—————=tan &~
cosB +cosC
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Example IV

Prove the following

(@) sinx + sin 2x + sin 3x = sin 2x(2cosx + 1)

(b) cos x + sin 2x — cos 3x = sin 2x(2sinx + 1)

(c) cosf — 2cos 36 + cos 56 = 2sind (sin 26 — sin 46)
(d) sin x—sin(x + 60) + sin(x + 120) =0

(e) 1+ 2cos 26 + cos 46 = 4cos?0 cos 20

Solutions

(&) sinx+sin 2x + sin 3x
=sin x + sin 3x + sin 2x
= 2sin X3 cos 22 + sin 2x
= 2sin 2x cos(—x) + sin 2x
= 2sin 2X €S X + sin 2x
=sin 2x(2cos x + 1)

= sin x + sin 2x + sin 3x = sin 2x(2cos x + 1)

(b) cos x + sin 2x — cos 3x
= CO0S X — €0S 3x + sin 2x
= —2sin X sin X3 + sin 2x
= —2sin 2x sin(-x) + sin 2x
= 2sin 2x sin X + sin 2x
=sin 2x[2sin x + 1]
= CO0S X + Sin 2x — cos 3x = sin 2x[2sin x + 1]

(c) cos@ — 2cos 30 + cos 56
= cos # — cos364 + cos 56 — cos 36
= —2sin 26 sin(-0) + —2sin 46 sin 0
= 2sin 26 sin 6 — 2sin 46 sind
= 2sin @ (sin 20 — sin40)
= €0sf — 2¢0s 36 + cos 50 = 2sin 6 (sin 260 — sin46)

(d) sin x —sin(x + 60) + sin(x + 120)
=sin x + sin(x + 120) — sin(x + 60)
= 2sin(x + 60)cos -60 — sin(x + 60)
=sin(x + 60) — sin(x + 60)

= sinx—sin(x + 60) + sin(x + 120) =0

(e) 1+ 2cos 26 + cos 46

Since cos 460 =co0s?26 — 1,

= 1+ 2c0s 20 + 2c0s?26 — 1
= 2c0s 26 + 2c0s?20
= 2c0s26 [1 + cos 26]
= 2¢0s 20 [1 + 2c0s%0 — 1]
= 4 c0s?d cos 20

= 1+ 2co0s 26 + cos 40 = 4 cos?d cos 20

Example V
Solve the following equations for values of @ from 0° to
180° inclusive

(a) cos @+ cos 36 +cos50=0
(b) sin@ — 2sin260 +sin 36 =0
(c) sin@+cos28 —sin30 =0
(d) sin 26 +sin 46 +sin66=0
(e) cost6+2cos26+cos26=0

Solution

() cosd+cos30 +cos50=0
cos @ +cos50 +cos360=0
2c0s3 8 cos—2 0 +cos36 =0

cos 3 6(2cos2  +1]=0
Eithercos 30 =0 OR

cos 260 = —l
2

For cos 30 =0;
36=cos~(0)

36=90°, 270°, 450°, 630°, 810°, 990°
6 =30°, 90°, 150°, 210°, 270, 330°
= 6=230°90°, 150° (for 0° < £< 180°)

For cos 260 = —% X

20=cos™'(3)
20 =120°, 240°.
6 =60°, 120°

= 30°, 60°, 90°, 120°, 150° are the solutions to

the equation cos 30 + cos 36 + cos 56 =0

(b) sin@ — 2sin 20 +sin 360 =0

sin @ +sin 30 —2sin20=0

2sin 26 cos(-6) — 2sin 20 =0

2sin 20 cos 0 —2sin20=0
2sin 26 (cos#-1)=0

Eithersin26=0 OR cosf=1

Forsin 20=0;
20 =sin-10

20 =0°, 180°, 360°

= 6=0°,90° 180°

(c) sin@+cos26 —sin36 =0

sin @ —-sin 36 +cos20=0
2c0s 26sin -0+ cos 20=0
cos 20(-2sin #+1) =0

cos260=0 OR singd=

Forcos 20=0
260 = cos™0
20 =90°, 270°, 450°
=45°, 135°

Forsinezl;
2

0 =sin(3)

N~
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(d)

(€)

6 = 30°, 150°
= 30°, 45°, 135°, 150° are the solutions to the
equation sin € + cos 20 —sin 36 =0

sin 26 +sin40+sin66=0
(sin 26 +sin 66) +sin40=0
2sin 40 cos -20 +sin46=0
2sin 40 cos 260 +sin46=0
sin 46 (2cos 20+ 1) =0

For sin 46 = 0;
40 =sin'0
46 =0, 180, 360, 540, 720
=0, 45, 90, 135, 180

For2cos260+1=0
cos2 0= —1
2

20 =120°, 240°
0 =60°, 120°
0°, 45°, 60°, 90°, 120°, 135°, 180° are the solutions
to the equation sin 26 + sin 46 +sin 66 =0
Cos$ 6 +2c0s30+cos26=0
cos: 6 +cos 360 +2cos 30 =0
2c0s &2 cos(-0) + 2cos ¥ =0
2c0s 3 (cos #+1)=0
cos¥ =0
30
2
30

= cos}(0)

=90, 270, 450
6 =60, 180

For (cosf + 1) = 0;
cosfd="1
0 =cos*(1)
6 =180
= 60, 180 are the solutions to the equation
Cos36+2c0s360+cos20=0

Example V
Prove the following identities if A, B and C are taken to
be angles of a triangle.

(@) sinA+sin(B-C)=2sinBcosC

(b) cos A—cos (B-C)=-2cosBcosC

(c) sin A +sin B +sin C = 4cos £ cos £ cos &

(d) sin 2A +sin 2B +sin 2C =4sin Asin B sin C
(e) cosA+cosB+cosC-1

- inAcinBejn C
=4singsin3sins

Solutions

Sin A +sin(B - C)
— 2qjp AtB-C A-(B-C)
= 2sin £25-= cos ——
— 1n A+B-C A+C-B
= 2sin £5-% cos A2

ButA+B+C=180
A+B+C-2C=180-2C
A+B-C=180-2C

A+B-C -90_-C

=sin&2=€ =sin(90 - C)
=5sin 90 cos C —cos 90 sin C
=cosC
A+B+C=180
A+C+B-2B=180-2B
A+C-B=180-2B

cos A+C-B — cos 180-2B
2 2
cos 242 = cos(90 — B)

=¢0s 90 cos B +sin90 sin B
=sinB
= sin A+sin(B-C)=2sinBcos C

(c)sinA+sinB+sinC
=sin&L cos A2 +sinC
= 2sin &8 cos &2 + 2sin$ cos &
ButA+B+C=180
C=180—-(A+B)
%zsin(90—%)

sin & =sin 90 cos £ - cos 90 sin A58

= A+B

= cos A58

C —

cos & =cos(90 - 458)
cos$ =cos 90 cos 258 + sin 90 sin 458

— qjn A+B

= sin A8
= 2c0s % cos 452 + 2c0s A58 cos &

= 2c0s < cos 458 +2co0s A58 cos &

= C A-B A+B
= 2cos$[cos A5 +cos A48 |
- c A B
= 2c0s % [2cos 4 cos ]
- A B c
=4c0s 5 COS+ COS~ .
sin A +sin B +sin C = 4cos4 cos 2 cos$ .

(&) sin 2A +sin 2B + sin 2C.
= 2sin(A + B) cos(A—B) + 2sin Ccos C
ButA+B+C=180
C=180-(A+B)
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= sin C =sin[180 - (A + B)] 25in[30+0jcos(36_6j—25in26
sin C =sin 180 cos (A + B) — cos 180 sin(A + B) 2

sin C =sin(A + B) N 25in(3€+gjcos(39_9)+23in26’
cos C =cos(180 — (A+B)) 2 2
cos C =cos 180 cos(A + B) + sin 180 sin(A + B) 2sin 20 cos O — 2sin 20
= —cos(A +B) _ ~ 2sin26¢cos @+ 2sin 20
= 2sin(A + B)cos(A — B) + 2sin C cos C
= 2sin C cos (A — B) + 2sin C(-cos(A+B)) _ 2sin26(cosf-1)
= 2sin C[cos(A — B) — cos(A + B)] ~ 2sin20(cos@ +1)

= 2sin C[-2sin A sin —B] cosd-1  —(1-cosé)
=4sinAsinBsin C = ==

. . . . . . cos+1 1+cosé
= sin 2A +sin 2B + sin 2C = 4sin Asin B sin C " _+2
But cosg =1-2sin“ 4
(e) cosA+cosB+cosC—1 cosd = 2sin*£ -1

cos C = 2cos’S -1

~(-cosg) —(1-(1-2sin’9))
cos C=1-2sin*$ - =

1+cos@ 1-2sin* ¢
=2sin’$ =1-cosC
: _2sin2 ¢
cos A +cos B +cos C—1=cos A+ cosB-2sin*$ _72sin" 5
29
- A+B AB _ 9qin2C 2c0s” ¢
= 2c0s 452 c0s 452 — 2sin“ 5 2
A+B+C=180 =—tan2§
Cc — A+B
7 =90- 42

sin$ =sin (90— &2)
sin& =sin 90 cos 452 - cos 90 sin &2 Example VIl (UNEB Question)
sin30sin660 +sindsin20

inC = A+B Show that =tan56.
= Sing =055 sin3¢cos60 +sin@cos20

= 2c0s 258 cos A8 - 2sin$sin& Solution
= 2cos 438 cos 432 - 2sin § cos 452 _ sin60sin 360 +sin 20sin 6
=2sin$cos 452 -2 sin$ cos 48 c0s64sin 36 + cos 26sin 6
H - + — — _gjn AtBgjn A-B
=2sin$ [cos A58 - cos 28 ] cos A—cos B = —sin 252 sin 45
=2sin [-2sin g sin sin%sin%z_—l(cosA—cos B)
=2sin% [2sin£sin 2 ] 2
. . . . . -1
=4sin4singsing sm6€sm39:?(cosA—cos B)
= cos A+cos B +cosC-1=4sin4sindsins
A+B
5 =660
Example VI (UNEB 2007) B
sin@ — 2sin 26 +sin 36 20 A+B=60...........ccciiiiiiiii, (1)
Show that — - - =—tan“— A—B
sind + 2sin 26 +sin 36 2 -39
Solution 2
sin@—2sin 26 +sin360 A-B=60....ccccceiviiiiiiin.. (i1)
sSin @ + 2sin 20 +sin 39 Solving Eqn (i) and Eqgn (ii) simultaneously;
A=96,B=3¢
_Sin36 +sind - 2sin 20 3
T sin30+sind+ 2sin 20 sin6dsin 3¢ =?(cos99—c053¢9)

sin3@sin 66 +sin @sin 26
sin30cos 66 + sin 8cos 20
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_ 5(c0s96 —cos36) + 7 (cos 30 —cos )
1(sin96 —sin30) + % (sin30 —sin 6)
_ 2(cos@ —cos90)
3(sin90 —sin @)
—2sin56sin(-40)
2co0s50sin46
2sin56sin(40)
B i S AR
2c0s50sin46

an54

Example VIII (UNEB Question)
If A, B, C are angles of the triangle, show that

cos 2A + cos 2B + cos 2C =-1 — 4 cosA cos B cos C.

Solution
cos 2A + cos 2B + cos 2C
2cos(A + B) cos(A — B) + 2cos’C — 1
= -1+ 2cos(A + B) cos (A — B) + 2cos?C
A+B+C=180
A+B=(180-C)
cos(A + B) = cos(180 — C)
cos (A + B) = cos 180 cos C + sin 180 sin C
=-cos C
= -1+ 2cos(A + B) cos (A — B) + 2cos?A
-1 — 2cos C cos(A — B) + 2cos’C
-1 —2cos C[cos(A — B) — cos C]
-1 —2cos C[cos(A — B) —cos C]
cos C =-cos(A + B)
=-1-2cos C[cos(A - B) + cos (A + B)
=-1-4cos A cos B cos C.

cos 2A + cos 2B + cos 2C =-1 — 4 cosA cos B cos C.

Example IX  (UNEB Question)
Use the factor formula to show that
sin(A+2B)+sin A

cos(A+28)+cosA:tan(A+ )
Solution
sin(A+2B)+sin A
cos(A+2B)+cos A
_ 2sin(A+B)cosB
- 2cos(A+B)cosB
_sin(A+B)
" cos(A+ B)
=tan(A + B)
sin(A+2B)+sin A _tan(A+B)
cos(A+2B)+cos A
UNEB 2008

. cosA+cosB A+B
(i) Prove that = cot

sin A+sinB 2

.. A B
(ii) Deduce that CsRvCe®

sin A+sinB
solution

(i)

cosA+cosB  2cos®5Bcos 4B

sinA+sinB  2sin A58 cos 458

2cos A5E
2sin A58
A+B
= cot =5~
(ii) A+B+C = 180°
A+B=180-C

2 sin(90—¢)
_ €0s90cos 5 +sin90sin §
sin90cos § —cos90sin §

_ sin
cos 3

=tan3

cos A+ cosB

g
tan >

sin A+sinB

Example X  (UNEB Question)
Solve sinx —sin 4x = sin2x —sin3x for — 7 < X< 7w

Solution

sin X — sin 4x = sin 2x — sin 3x
sin 3x + sin X = sin 4x + sin 2x
2sin (252 ) cos (25 = 2sin (442 )cos (452
2sin(2x)cosx = 2sin3xcosx
sin2xcosx—sin3xcosx =0
cosx(sin2x —sin3x)=0

Taking cos=0
x =cos(0)
-7 T
X=—"0=
2 2

Taking sin 2x —sin 3x =0
sin 3x —sin 2x =0

2005[3X+ 2xjsin(3x—2xj o
2 2

= tan %Where A, Band C are

199



cos($x)sin(£x)=0

Either cos (g xj =0

~x=cos*(0)
5 T 3
2x=+Z,+27
2 2 2
x=x 2, +3%
5

5
Or  Sin(:x)=0

=x=0, —%, g % %%% are the solutions to the
equation

Relationship between sides of a triangle

In a triangle ABC with angles A, B and C, we denote the
side opposite these angles by their corresponding small
letters a, b, and c respectively as shown in the figure
below.

The sine rule
Let O be the centre of the circle circumscribing the
triangle ABC with radius, R.

Figure |

Figure Il

Figure 111

From figure I, ~BCD =90°
Since this angle is subtended by the diameter,

= sin AziR from figure 1.

From figure 11,
sinC = L
2R

Cc ..
DR=—C
sinC (L)

From figure II;
sin B =L
2R

b
2R = Snp (1i1)
Equating equations (i), (ii), and (iii)
a b ¢
sinA sinB  sinC
This is the sine rule

The Cosine rule
Consider a triangle ABC. Assume angle A is acute.
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C b—x D X
Considering the right-angled triangle BDA,
XP+h2=c2 . (1)

from the right-angled triangle BCD,
a?=(b—x)?+ h?

a?=b%-2bx+x>+h?............. (i)
From Eqn (i);
h2=c2— X% .o (iii)

Substituting Egn (iii) in Egn (ii)
a?=Db%—2bx + x? + ¢? — x?
a?=b?-2bx+C% ... (iv)

From triangle ABD;

X
COSA=—

Substituting Eqgn (v) into (iv)
=a?=h%*-2bccos A+c?
a?=b?+ c?—2bc cos A

Application of cosine and sine rules

Example I
?-b® sin(A-B)

Prove that in a triangle ABC, a — = —
c sin(A+B)

Solution

From the sine rule; a b c _ 2R

sinA:sinB :sinC B
a=2RsinA,b=2RsinBandc=2RsinC
4R’%sin® A—4R?*sin*B

4R*sin’C

sin? A—sin’B

sin?C
(sin A+sin B)(sin(A—sin B)

sinCsinC

A+B+C=180
C=180-(A+B)
sin C =sin(180 - (A + B))
sin C =sin 180 cos (A+B) — cos 180 sin (A+B)

=sin (A +B)

(sin A+sinB)(sin A—sin B)
[sin(A+ B)J?
_ 2sin A8 cos A58 - 2cos A45B sin A58
- [2sin 45Bcos 448 |[sin(A+ B)]
_ 2sin#2cos A58

sin(A+B)
= Sin(A-B)
sin(A+B)
Example 11
- . a’ +b* —c?
Prove that in any triangle ABC, —————=tanB cot C
a‘—b+c
Solution
From the cosine rule;
a?=hb?+c?—2bCCOSA .................. (i)
b?=a?+c>-2accosB .................. (ii)
c2=a?+b>-2abcosC.................. (iii)
From Eqgn (i);
2ac cos B = a? + ¢2— b?
From Eqn (iii);

2abcosC=a?+b>—¢c?
a’+b’-c® 2abcosC
a’?-b*+c?> 2accosB
_bcosC
" ccosB
But from the sine rule;
a b ¢
sinA sinB  sinC
a=2RsinA,b=2RsinB,andc=2RsinC
bcosC  2RsinBcosC
ccosB  2RsinCcosB
_sin_BXcosC
"~ cosB sinC
=tanB x cot C

2 2 2
%ztanBcotC
a‘-b°+c

Example 111

Prove that in any triangle ABC, tan£¢ =2=<cot2
Solution

tcotd

b+c
sinA sinB  sinC
a=2Rsin A, b=2RsinB,c=2RsinC
- 2RsinB - 2RsinC sinB-sinC
2RsinB +2RsinC sinB +sinC

2R

From the sine rule;

A — A
cot4 = cot4
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_ 2cos®Csin&Ccoss
in B+C B-C qein A
2sin 2= cos®5=sin %

ButA+B+C=180

A=180-(B+C)
ézgo_BJrC
2 2

cos4 =cos(90 — &%)
= cos 90 cos B& + sin 90 sin 25
=sin&<c
1 =ql B+C
sin =sin(90 - &%)
=sin 90 cos &% — cos 90 sin &<
- B+C
=cos B¢
2cos B5Csin 8Csin B¢
2sin ¢ cos 8¢ cos B:C

b-c
= tan &< =——cot$
b+c

Example IV
Prove that in any triangle ABC,
bc  cosec (B+C)
ab+ac cosecB +cosec C
Solution

sinA sinB sinC
a=2RsinA,b=2RsinB,andc=2RsinC

From the sine rule,

bc 2RsinB-2RsinC
ab+ac (2Rsin A)(2Rsin B) + (2Rsin A)(2RsinC)
_ 4R*sinBsinC
~ 4R%sin Asin B +4R%sin AsinC
sinBsinC

sin Asin B +sin AsinC
sinBsinC
— sinBsinC
sinAsinB sinAsinC
sinBsinC sinBsinC

_ 1
in A in A
sinc T sing
_ 1
1 1 1
sin A(sinC tsE
_ 1
sin A(cosecB + cosec C)
1 1

X
sin A (cosec B + cosec C)

From triangle ABC;
A+B+C=180
A=180-(B+C)
sin A=sin(180 — (B + C))

=sin 180 cos B + C — cos 180 sin(B + C)

=sin (B + C)

1 1 _ cosec (B+C)

= x =
sin(B+C) (cosec B+cosec C) cosecB+cosec C

bc  cosec (B+C)
ab+ac cosecB +cosec C

Area of a triangle
Let D denote the area of a triangle ABC, then

D= 1bcsin A
2

=D =£bc-23in§cos§
2

D =bcsin £ cos2
a+b+c

2
Where S is the semi perimeter.
From the cosine rule, a? = b? + ¢ — 2bc cos A

S=

Cos A= M
2bc
cosA=1-2sin*2
. 1-cosA
sin4 =
2
2 2 2
sin? 4 = 1fy brre-a
2 2bc
o _ 1fa*—b*—c®+2hc
sin“2 = =
2 2bc
sin?4 = _1 —az_(b_c)z
2
2 2bc
. a+b-c)(a+c-b
sina- [@+b=0a+c-b)
4ahc

a+b+c=2s

a+b-c=a+b+c-2c
=2s-2¢C
=2(s-¢)

a+c—b=a+b+c-2b

=2s-2b

=2(s—-b)

2(s—c)2(s—b)

4bc

sin4 = f(s—b)(s—c)
bc

From the cosine rule, a® = b? + ¢ — 2bc cos A
b*+c?-a’
2bc

inA—
sind =

COS A=
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cosA=2cos’4 —1

cos?4 = %(1 +cos A)

2 4 1(2bc+b2+cz—a2J
2

2 2bc
1( (b+c)>-a’
cos’4== (bxo) —a
2 2bc
b+c+a)b+c—-a
cos? 2 = { X )
4hc
b+c+a)b+c—-a
cosa— [@Fera)brc-a)
4hc

a+b+c=2s
b+c—a=a+b+c-2a

=2s-2a
=2(s—a)
25-2(s—a s(s—a
C%%:J ( )=J( )
4bc bc

From the area of a triangle D;
D = bc sin4 cos £

cos%:bc\/(s—b)(s -C ‘\/s(s P
be bc

be JS(S —a)(s—h)(S —c¢)
bc
=/S(S —a)(S —b)(S —c)
The area of a triangle is /S(S —a)(S —b)(S —c)

This is called the Heron formula named after the Greek
Mathematician Heron

Differentiation and integration of
trigonometric functions

Function | Differentiate | Integrate

Sin x Cos X —CO0SX

COS X -sinx sin X

Sin ax a cos ax -1
——Cco0s ax
a

COS ax -a sin ax 1 .
Zsin ax
a

sin 3x 3 cos 3x -1
?cos 3X

cos 3X —3sin 3x

lsin 3X
3

Differentiation of trigonometric functions

Example I
Differentiate the following
(a) sin 6x
(b) —3 cos 5x
(c) —4sindx
(d) sinx?
(e) 2sinZ(x+1)
Solutions
(&) y=sin6x
dy
dx
(b) —3 cos 5x
y = —3 cos 5x
=—3[5(-sin5x)]

=6C0S6X

dy
dx
d_y =15sin5x
dx

(c) —4sindx

— _ a3
y= —4sin3X

ﬂ=—4x§cos3—;
dx 2
=—6cos
(d) sinx?
y =sin x?
d_ 2XC0s X
dx

(e) 2sing(x + 1)
y=2sin}(x+1)
dy 1
——=2x=c0s3(x+1
dx 2 7(x+1)

dy N
L =cosi(x+1
dx :(x+D)

Example 11
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Differentiate the following
(@) sin
(b) 4cos?x
(c) cos®x
(d) 2sin®k
(e) 3sin*2x

(f) /sin2x

Solutions
(@) sin*
y = sinx

dy = 2sin x(cos x)
dx

(b) 4cos?x

y = 4c0s?X

dy =8cos x(—sin x)
dx

=—8sin Xcos X

d_y = —8sin Xcos X
dx

(c) cos®x

y = cos®x

a_ 3(cos’ x)(—sin x)
dx

dy _ —3c0s? xsin x
dx

(d) 2sin®
y = 2sin®x

@ _ 6sin® x(cos x)
dx

@ _ 6sin® x(cos x)
dx

(e) 3sin“2x

y = 3 sin“2x

dy .3

—==12sin" 2x(2c0s2x)
dx

g—y = 24sin® 2xc0s 2x

X

(f) sin2x
dy _ i(sin 2X)? - 2¢0s2X
dx 2

C0S2X

\Jsin2x

Example 11

Differentiate the following

(@) xcosx
(b) xsin 2x
(c) x%sinx
(d) —
sin x
2
(&) —
COS X
0 C0S 2X
X
Solutions
(@ y=xcosx
Fromy = uv;
dy dv du
—=U—+V—
dx dx  dx
ﬂ = X(-sinx) + cos x
dx
dy .
—~ = -X Sin X + CoS X
dx
(b) xsin 2x
y =X sin 2x
dy .
—= =X.2C0S 2X + sin 2x.1
dx
dy .
—= = 2X C0S 2X + sin 2x
dx
(c) x%sinx
y = x%sin x
dy dv du
—=U—+V—
dx dx  dx
dy _ X2C0S X + (in X) 2x
X
d_y:xzcosx+2xsinx
dx
X
d —
sin x
X
sin x
Y
dy vE-ug
dx v
X
sin x
dy _sinx-1-xcosx
dx (sinx)®
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dy sinx-—xcosx

dx  (sinx)?
X2
(e)
oS X
XZ
"~ cosx
Fromy = —;
v
dy vE-ug
dx V2
X2
© cosX
dy _cosx-2x—x*(=sinx)
dx (cos x)?
dy _ 2xcosx+x’sinx
dx cos® x°
C0S 2X
()
_ €OS2X
y =
X
Fromy = 4 ;
v
dy _va-ug
dx %
dy _ X-"2sin2x—cos2x
dx X2
dy _ ~2xsin2x-—cos2x
dx X2

Derivatives of tan x, cot x, sec x, and cosec X
. d e
(i) — (tan x) = secx
dx
d
— (sec x) = sec x tan x
dx
d — 2
— (cot x) = -cosec* x)
dx

d
X (cosec x) = -cosec x cot x
X

Proofs
qa (tan x) = i(_sm Xj
dx dx \ cos x
€0s X(cos X) —sin x(—sin x)

(cosx)?

cos?+sin® x
cos’® X
1

cos? x

= Ll (tan x) = sec?x
dx

dx \ sinx
sin x(—sin x) — cos x(cos x)
(sinx)®

i (cotx) = i(_cosx)
dx

—sin® x —cos® x
sin? x

_ —(sin®* x +cos® x)

- sin? x

= -cosec? X

d 2
— = -cosec® X
dx

... d
(iii) &(sec X)

_ i(ij
dx\ cosx

dy cosx-0-1(sinx)
dx cos’ X
sin X

cos’ X
1 sin X

X

COSX COSX
=sec X tan x

d
= —(sec X) = sec x tan x
dx

d d( 1 ]
=> —C0SeC X = —| ——
dx dx\ sinx

_sinx-0-1-cosx)

(sinx)?
—COS X
sin? x
_—cosx 1
sinx  sinx
= -COt X COSEC X

Example I

Differentiate the following
(a) tan 2x
(b)) cot 3x

(¢) 2cosecx
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(V) —tan (2x + 1) (b) sec x tan x

1 (c) x?cot x
@) 3 sec(3x—2) (d) 3x cosec x
(e) cosec x cot x
(P tanv/x tan x
U
Solution
Solutions
a) tan2x
@ y = tan 2x (@ xtanx
dy y =xtan x
— = 2
dx 2sec2x @ X secx + (tan x).1
dx
(b) cot 3x @ _ X Sec’X + tan x
y = cot 3x dx
dy 2
Fol 3(-cosec* 3x) (b) secxtanx
= -3cosec?3x y = secxtanx
@ _ Sec X sec?x + tan x- (sec x tan Xx)
(c) 2cosecsx dx
y = 2cosec 1 x % = secx + tan®xsec X.
X
_ 2-1(—cosec%xcot%x)
dx 2 (d) 3xcosecx
dy y = 3X COSeC X

—= =(—coseci xcotx)
dx dy
™ = 3x(-cosec x cot X) + cosec- 3
(d) —tan (2x + 1) dy
y =—tan (2x + 1) i = -3x cosec x cot x + 3cosec X

@ -2sec’(2x + 1)
dx (e) cosec x cot x
Yy = COSEC X COt X

1
(e) ESEC(3X -2) % = cosec - -cosec?X + (cot x)(-cot X COSec X)
y=3 sec(3x — 2) % = c0secx — Cot?XCosec X
dy 1
=3 3sec(3x —2)tan(3x—2) Example 111
dy Differentiate the following
— =sec(3x — 2) tan(3x — 2) (a) tan®
dx
(b) sec’x
(c) 3cosecx
(f) tan/x (d) —tan?2x
y = tan+/x 1
(e) = cot?3x
dy 1 1 2 2
=2 = Z=x7 sec?x
dx 2 (f) tanx
dy _sec’Vx (g) -2cosec x
dx 24X
W Solution
2
Example 11 (2) tan X_ 2
Differentiate the following: y = tanx
(@) xtanx
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(b)

(©)

(d)

(€)

(f)

(9)

@ _ 2tan x(sec?x)
dx

dy
dx

= 2sec?x tan x

sec?x
y = secx

dy = 2sec x(sec x tan x)
dx

@ _ 2sec?X tan x
dx
3cosec?x
y = 3cosec?x
d
d—y = 3 x 2c0sec X(-cosec x cot x)
X
dy _ )
—— = -6cosecxcot X
dx
-tan?2x
y = -tan?2x

3—1 = -2(tan 2x)(2sec?2x)

dy _ -4sec?2x tan 2x
dx
1 cot?3x
2
1
= = cot?3x
y 2
dy _1 x 2 cot 3x(-3cosec?3x)
ax 2
= -3cosec?3xcot 3x
\/ tan x
dy 1 B 2
— =—(tanx)? -sec” x
dx 2
dy sec? x
dx 2/tanx
-2cosec’x
y = -2cosec’x
g—y = -8cosec3x(-cosec X cot X)
X
dy _ 4
— = 8cosec” X cot X
dx

Integration of Trigonometric functions

Integration is the process of obtaining a function from its
derivative

Note: jcosax dx = 1 sin (ax) + ¢
a

Isin ax dx =—cos(ax) + ¢
a

Example I
Integrate the following
(@) cos 3x
(b) sin 3x
(c) cos(3x—1)
(d) sin(2x + 1)
(e) 6 cos 4x

Solution
(&) cos 3x
y = cos 3x

Jydx=jcos3x dx

= lsin 3x+cC

Icos3xdx = %sin 3x+cC

. 1 .
b sin3x dx==sin3x+¢
® | .
= Leosax+c
3
(©) J'cos(3x—1) dx =%sin(3x— 1)+c

(d) fsin(Zx +1)dx = ;cos(Zx +1)+c

(e '[6cos4x dx = 6jcos4x dx

GFSin 4x} +c
4

§sin 4x + ¢
2

Example

Integrate the following
(a) sec?2x
(b) 3sec x tan x
(c) —cosec?$x

(d) %cosec 3x cot 3x

(e) 2sec? tan x
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sin x
cos? x
1

=12

sin” 2x
C0S 2X
sin’ 2x

()
(9)

(h)

Solution

d
Note: — (tan x) = sec?x
dx
:jseczxdx =tanx+c
d
—(secx) =sec x tan x
dx

:.[secxtanxdx =secx+c¢

d
—(cotx) = -cosecx
dx

= jcoseczx dx = -(cot x) + ¢

d
d—(cos €C X) = -COSecC X cot X
X

= J'COSEC Xcot X dx = -cosec X + ¢

(a) jsecz 2x dx

Let u = 2x
du = 2dx
dx = d_u

2

fsec2 2X dx:'[seczu (du
2
=1Isec2u du
2
=1tanu+c
2

1
=—tan(2x)+c
> (2x)
(b) I3secxtanxdx

= 3.[sec X tan x dx

=3secx+c

(c) _[ “cosec’ £ x dx

Letuzix
2
du 1
dx 2
dx =2 du

I —cosec’ I x dx = j—coseczu(Zdu)
=2 I —cosec’u
=2[cotu]+c
=2cot$x+cC

(d) J'%cosec 3xcot 3xdx

Let u = 3x
du =3 dx
dx:d—u

3

j $cosec 3xcot 3xdx = % J cosec 3xcot3x dx
= 1J'cosec ucotu- du
3 3
1
= —Icosec ucotu du
9
1
= 9 (-cosecu) + ¢

-1
= ? cosec 3X + ¢

(e) f 2sec” xtan x dx

Consider di (sec?x) = 2sec x(sec x tan x)
X

= 2 sec?X tan x
= IZSGCZ xtan x dx =sec?x + ¢

0 Isinzx dx

COSX COSX
=Itan xsec x dx
=secx+c
1
sin’ 2x
Let u = 2x
du =2 dx

dx:d—u
2

(9)

= jcosec22x dx
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j cosec?2x dx = jcoseczu d7u (b) _fisec2 X dx

_1 I cosec’u =[tan X]i
2
) =tan(Z)—tan(=)
:?cotu+c 1 \/—
-~ (-3
: L
=?cot2x+c 1
) COS2X =£+\/§
sin® 2x 3 43
_J-COSZX. 1 :?+\/_:T
sin2x sin2x
= [ cot 2xcosec 2x dx ©) J'O”sin2 X dx
Letu =_2X From cos 2x = 1 — 2sin? x
du =2 dx 1
du sin’x = = (1 — cos 2x)
dX=7 2

L) _”1
IO sin XdX—J.E(l—COSZX)dX

du
Icotu COSec u -—
2 0

=1.[cosecucotu du 1{)(__3,”2)(}
2 2
1
- E(—cosecu) +C %K” Ll 2” (O—O)}
= _—1005ec 2X+c¢ 1
2 E[ﬂ
1
Example 111 ==r
Evaluate the following 2
@ I:sin 2x dx Example
. A particle moves in a straight line such that its velocity in
(b) f;sec2 X dx m/s after passing through a fixed point O is 3cos t — 2sint.
: Find:
(©) j:sinz X dx (a) Its distance from O after £7's
(b) Its acceleration after s
Solution (c) The time when its velocity is first zero.
Igsin 2X dX SOIution
0 V =3cost-2sint
= _—100$2x d—S=3cost—25int
2 0 dt
1 1 dS = (3cos t — 2sin t) dt
=7c032(§)—?coso S=3sint+2cost+c
i Whent=0,5=0
2 0=3sin(0)+2cos (0) +c
=1 -2=¢C
=S=3sint+2cost-2.
Whent= 17,
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S=3sinZ +2cosz -2 (d) tanx=+/3

§=3-2 1
S=1m (e) cosx=—
V=3cost-2sint V2
-3
=V 3sint—2cost (f) cosx=—+
dt 2
Y 3. Solve the following equations for all values of x from
a=—| =-3sinm—2cos ° °
ol T 0° to 360
=2 m/s? (@) sinx:%
- 2
=a=2ms (b) cosx=-0.7
V =3cost-2sint (¢) tanx-0.75
3cost—2sint=0. (d) COSZX:l
4
R = cos(t+a)=0 (e) sin x = 2cos X
R:W:«/ﬁ (f) 2sinx—3cosx=0
Ve B (@) sin2x= 23
3cos(t+a)=0 2
1
J13 cos(t+33.7)=0 (h) cos2x= >
cos(t+33.7)=0 o -3
t +33.7 = cos 0 () sin(x+20) = 2
t+33.7=90 () tan(x—-30)=1
t=56.3 (k) 3-(COS X — 1) =-1
(D) sinx(1-2cosx)=0
56.37 ; -
t= (m) cos x(2sin x + cos x) =0
180 (n) 2sinxcosx+sinx=0
t=0.983s (0) 4sin X cos X = 3¢0s X
(p) 4cos® +cosx =0
Revision Exercise () tanx=4sinx
1. Solve the following for all values of x from 0° to 360°. (r) (2sinx—1)(sinx+1)=0
_ 1 (d) tanx=-1 (s) 2sin’x—sinx—1=0
(@) sinx= 5 _ 3 (t) 2tan’x—tanx—6=0
1 (e) sinx= — 1
(b) cosx=— 2 (u) 2tanx - =1
1
© tanx=1 (f) cosx= N Solve the following equations for all values of x from
-180° to 180°
2. Solve the following equations for values of x from - 3
180° to 180° 1. cos’ = "
(a) sinx= _71 2. sin 2x = 2cos 2x
-1
3. cos(x—20)= —
(b) cosx =% ( ) J2
4. cosx(sinx—1)=0
(©) sinx:@ 5. 3sin® = 2sin x cos X

6. 2c0s’x—5cosx+2=0
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Factorise the expression 6siné cosé + 3cosé + 4sing
+ 2. Hence solve 6sing cosé + 3cosd + 4sind+ 2 =0
for -180° < 180°

Factorise the equation 3sin& cosd — 3sing + 2cosd —
2. Hence solve 3sing cos@— 3sind+ 2cosf = 2.
Without using tables or calculator, find the values of:

(a) sec 45° (g) cosec 330°
(b) cot 45° (h) sec 240°
(c) cosec 30 (i) cot-135°
(d) sec 60° (j) sec -60°
(e) cosec 135° (K) sec(-120°)
(f) sec 120° () cosec 315°

10. Simplify the following expression:
@ J@-sinA)L+sinA)
(b) cosecdtand
1
(©)

sin® 0 cos2 6

(d) cotd/1—cos? 6

11. Prove the following identities
(@) sin@tand+ cosé =secd
(b) cosecd-sind = cotdcosd
(c) (sin@+ cosd)? + (sind—cosH)?G=2
(d) (sin@+ cosecd)? =sin’4 + cot’4+ 380
(e) cot*8+ cot?d = cosec*d— cosec?d

) 1-coso = cosecd— cotd
1+cosé@

@) sing +1+.c0349 — 2c0secd
1+cosé@ sin@

(h) cosecd _ cotd
cos@ +tand

i) 2" _ane
1+ cos26

() sin@ + sin@ = 2cosecd

1-cosé 1+cosé
(k) cos*x — sin“x = cos?x
() cosA+cos(B+C)=0
(m) —— cos” 0 = 2cosé
1+cot’ 4
12. Prove the following identities:
(a) 2cosec 28 = cosecdsecld

(b) tan A + cot A = 2coesec 2A

() Lrtn A 1+tan® A — sec 2A

2—tan’ A
(d) cot 2A = cosec 2A —tan A

17.

18.
19.

20.

21.

22.

© sin 26 — cotd
1-c0s20
(f) tangd—cotd=-2cot 24
13. Prove the following identities:
1+cos26

() ———— =tan%d
1+cos26

3tan g —tan® @
1-3tan’ @
sin @ +sin 26
1+cosd +cos20

14. Eliminate & from each of the following pairs of
relationships
(@ x=sin@, y=cosd
(b) x=3sind, y=cosec
(c) 5x=sinf, y=2cosé
(d x=3+sind, y=cosb
(e) x=2+sin, cosd=1+y.

15. Solve the following equations for all values of 6
from -180° to 180°.
(@) 4 —sin 8= 4cos? 9
(b) sin@+cos 8+1=0
(c) 5-5cos 8= 3sin?H
(d) 8tan 8= 3cos &
(e) sin?@+ 5cos?0=0
(f) 1-cos?8=-2sin &cos &

16. Solve the following equations from 0° to 360°
(@) sec 8=2

(b) tan 36=

=tan @

(b) cot26= _5—2

(c) 3cotd=tan 4
(d) 2sin @=-3cot 6
(e) 2sec’d—-3+tan =0
If A+ B+ C =180°, prove that
C0S2A + cos2B + cos2C = 1 — cosAcosBcosC
Prove that sin 3A = 4sinAsin(60 + A)sin(60 — A)

Show that in a triangle ABC, if 2S=a + b + ¢, then
1-tan$ +tan3 = ¢
A

Prove that in any triangle ABC,
(a+b+c)(tang +tan) =2c cot%.
Prove that in any triangle
a+b-c
a+b+c
From a point A, a light wind due to north of A has an
elevation a from a point B, due west of A. The angle

ABC, =tan4tan$
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23.
24,
25.

26.

217.

28.
29.

30.

31.
32.

33.

34.

35.

36.

37.

of elevation is B. Prove that the angle of elevation
from the midpoint of AB. is

tan™ 2
J3cot? a +cot? B

Solve: 4cos o — 3sin o = 2
Solve the equation 15cos28+ 20sin26+7 =0
Find all the possible values of x that satisfy

tant3x+tan* x :%

sin8@cos @ —sin 66 cos 30 _t
cos26cosé —sin30sin 460
Solve the equation 2cos’(x—%)—3cos(x—%) = 0

for 0 < x < 2m.

Prove that an 26

) 7 T
Solve cos*x + sin®x = A for0<x< =

Find the value of x for 3cos?x — 8cosx + 4=0

. 2
Show that 1+s!n9—c059 _ 1-coséd
1+sin@+cos@ 1+cos@
Prove that tan o + cotd =1+tan@+cotd
l-cotd 1-tané@
Solve the equation cos x — cos 4x = cos 2x — cos 3x

for-m<x<m

Given that y = 4cos x — 6sin Xx. Express y in the form
Rcos(x + a), where R is a constant. Find the
maximum and minimum value of y.

Express (45° + x) in terms of tan x. Hence or

otherwise express tam 75° in the forma + b J3.
Given sin x = %4 where 180° < x < 270, find

without using tables or calculator the value of tan 3x.
Show that:

(a) tanlé +sin™!

ol

AN BN

(b) 2tan™ % +tan™!

~N| =

. T
(c) cosx +sinx = 5

Solve the equation
(@) tan(2x + 1) + tan}(2x — 1) = tan'2
(b) tan(1 +x) + tan*(1 —x) = 32

T
(c) cosx + cosx+/8 = 5

(d) 2sin g +sintx/2 = %

38. Without using tables

tan‘11+tan‘1£+tan‘11
2 5 5

or

calculator,

evaluate
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